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: DSP and Digital Filters (2017-10120)
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® Summary

® MATLAB routines

Definition: X [k] = S0 "1 [n] cos 22tk

Linear: ax|n| 4+ By[n| — aX k| + BY |k]

“Convolution<—>Multiplication” property of DFT does not hold @
Symmetric: X |[—k|] = X [k]| since cos —ak = cos +ak

Anti-periodic: X [k + 2N] = — X |k| because:
o 2m(2n+ 1)(k+2N) =27(2n+ 1)k +8rNn+4Nn
o cos (0 +m)=—cosl

= X[N] = 0since X[N] = X[-N] = —X[-N + 2N]
Periodic: X [k +4N]| = — Xk + 2N] = X[K]

' DSP and Digital Filters (2017-10120) Transforms: 3—6/14
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@ DCT Properties

® Energy Conservation
® Energy Compaction

® Frame-based coding
® Lapped Transform +
® MDCT (Modified DCT)
® MDCT Basis Elements
® Summary

® MATLAB routines

DCT: X k]
IDCT: z|n|

(o]

X[n]

N=6

= 271272—01 x[n] cos

1

~ N

g

2w (2n+1)k

AN

N-1

X[0]+ 2>

yir]

HMMH

0

23

DFT
—

X k] cos

YK

2w (2n+1)k

AN

12

23

: DSP and Digital Filters (2017-10120)

Transforms: 3 -7/ 14 '



-1
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® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation
® Energy Compaction

® Frame-based coding
® Lapped Transform +
® MDCT (Modified DCT)
® MDCT Basis Elements
® Summary

® MATLAB routines

(o]

DCT: X[k] = S0 a[n] cos 2t )k
IDCT: z[n] = & X[0] + 2 37 ," X[k] cos
X[n] N=6 YIK
o ‘ iR

[ [TT;TW |

0

Energy: F = ijz_ol x[n|

2w (2n+1)k

AN

12

23
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® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation
® Energy Compaction

® Frame-based coding
® Lapped Transform +
® MDCT (Modified DCT)
® MDCT Basis Elements
® Summary

® MATLAB routines

DCT: X k]

(o]

0

xin] N=6

yir]

g

= 271272—01 x[n] cos

IDCT: z[n] = +X[0] + & >,

HITTJ’TH

0
5

Energy: F = ijz_ol x[n|

2w (2n+1)k
N-1y 27 (2n+1)k
. X[k] cos W(IJL\;L)
YK
DFT
% 0 0 23
_ 1 2 2 N—-1
=~ I X101 + & 2t
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Transforms: 3 -7/ 14 '



-1

3: Discrete Cosine Transform

Energy Conservation

® DFT Problems

e DCT

® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation
® Energy Compaction

® Frame-based coding
® Lapped Transform +
® MDCT (Modified DCT)
® MDCT Basis Elements
® Summary

® MATLAB routines

DCT: X k]

= 271272—01 x[n] cos

2w (2n+1)k

AN

N-1

X[0]+ 2>

yir]

. 1
IDCT: z[n| = =
? X N=6
g
0 5 i

HITTJ’TH

23

X k] cos

YK

2w (2n+1)k

AN

In diagram above: £ — 2FE— SNE—~ 0.5NE

Energy: E = 3-,25 [z[n]|* = & [X[0]]” + & 205 [X[n][°
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3: Discrete Cosine Transform

Energy Conservation

® DFT Problems

e DCT

® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation
® Energy Compaction

® Frame-based coding
® Lapped Transform +
® MDCT (Modified DCT)
® MDCT Basis Elements
® Summary

® MATLAB routines

DCT: X[k] = S0 a[n] cos 2t )k
IDCT: z[n] = ~X[0] + & ! X [k] cos 27T(247EL1)]€
Pxn N=6 YIq T X
. DFT 1 2
0 %

0

N OHWH

5

23

Energy: E = 3-,25 [z[n]|* = & [X[0]]” + & 205 [X[n][°

In diagram above: £ — 2FE— SNE—~ 0.5NE

Orthogonal DCT (preserves energy: » |a:[n]|2 = > |X[n]|2)

Note: MATLAB dct() calculates the ODCT
]
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Transforms: 3 -7/ 14 '



-1

3: Discrete Cosine Transform

Energy Conservation

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT: X[k] = SN x[n] cos 2xnt )k
IDCT: z[n] = ~X[0] + & ij 11 X[k| cos 2W(247§\;L1)k
? X N=6 . YK
* Jall *
M 0 [ [TT;TW |
Energy: £ = ij;ol z[n])® = * X[0])° + N Z

In diagram above: £ — 2FE— SNE—~ 0.5NE

Orthogonal DCT (preserves energy: »  |z[n] |2

\/72 x[n]

ODCT: X

27r(2n+1)k

RS

4N

= 2 1X[]")

k=0
k40

Note: MATLAB dct() calculates the ODCT
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3: Discrete Cosine Transform

Energy Conservation

® DFT Problems

e DCT

® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation
® Energy Compaction

® Frame-based coding
® Lapped Transform +
® MDCT (Modified DCT)
® MDCT Basis Elements
® Summary

® MATLAB routines

DCT: X k]
IDCT: x|n| =

(o]

0

Orthogonal DCT (preserves energy: »  |z[n] |2

X[n]

H s‘

H[TTJ’TH

Energy: E = ijz_ol

N=6

_Zg_olx
1
~X[0] + %

(n| cos

2w (2n+1)k
4N

fj 11 X k] cos

YK

DFT

5

23

z[n)|” = & 1X[0)° +

2w (2n+1)k
AN

LT

In diagram above: £ — 2FE— SNE—~ 0.5NE

ODCT: X [k] =

IODCT: z[n| =

1
N
2
N

Y
X[0] + /2 S5 X[k] cos

= 2 1X[]")

E=0
2w (2n+1)k

x[n] cos

k40

2w (2n+1)k
4N

4N

Note: MATLAB dct() calculates the ODCT
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3: Discrete Cosine Transform
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® DFT Problems
e DCT

® Basis Functions

+

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

If consecutive x|n] are positively correlated, DCT concentrates energy in a

few X [k| and decorrelates them.

: DSP and Digital Filters (2017-10120)
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3: Discrete Cosine Transform
® DFT Problems
e DCT

® Basis Functions

If consecutive x|n] are positively correlated, DCT concentrates energy in a
few X [k| and decorrelates them.

+

® DCT of sine wave

o DOT Propertics Example: Markov Process: z[n| = px[n — 1] + /1 — p?u[n]
- S CAER where u|n| is i.i.d. unit Gaussian.

® Energy Compaction 9

® Frame-based coding Then <Qj [’]’L]> = 1 and <Qj[n]x[’nj — 1]> p— 10

® Lapped Transform + . . .

o MDCT (Modiied DCT) Covariance of vector x is S; ; = (xx ™). ;= pli=il.

® MDCT Basis Elements
® Summary
® MATLAB routines

' DSP and Digital Filters (2017-10120) Transforms: 3—8/14 -
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3: Discrete Cosine Transform

Energy Compaction

® DFT Problems

e DCT

® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation
® Energy Compaction

® Frame-based coding
® Lapped Transform

® MDCT (Modified DCT)
® MDCT Basis Elements
® Summary

® MATLAB routines

+

If consecutive x|n] are positively correlated, DCT concentrates energy in a

few X [k| and decorrelates them.

Example: Markov Process: z[n| = px[n — 1] + /1 — p?u[n]

where u|n| is i.i.d. unit Gaussian.
Then (z%[n]) = 1 and (z[n]z[n — 1]) = p.

Covariance of vector x is S; ; = (xx ™). ;= pli=il.

Suppose ODCT of x is Cx and DFT is Fx.

Covariance of Cx is <CxxHCH> — CcscH (similarly FSFH)

Diagonal elements give mean coefficient energy.

: DSP and Digital Filters (2017-10120)

Transforms: 3-8/ 14 '
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3: Discrete Cosine Transform

p—— If consecutive x|n| are positively correlated, DCT concentrates energy in a
o DCT + few X [k| and decorrelates them.

® Basis Functions

® DCT of sine wave

o DOT Propertics Example: Markov Process: z[n| = px[n — 1] + /1 — p?u[n]
- S CAER where u|n| is i.i.d. unit Gaussian.

® Energy Compaction 9

® Frame-based coding Then <Qj [’]’L]> = 1 and <Qj[n]x[’nj — 1]> p— 10

® Lapped Transform + . . .

o MDCT (Modiied DCT) Covariance of vector x is S; ; = (xx ™). ;= pli=il.

® MDCT Basis Elements

ey Suppose ODCT of x is Cx and DFT is Fx.
Covariance of Cx is <CxxHCH> — CcscH (similarly FSFH)
Diagonal elements give mean coefficient energy.

-
o
o

©
o

©
o

~
o

(%]
o

Cumulative energy (%)

a
o

5 10 15 20 25 30
No of coefficients
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3: Discrete Cosine Transform

Energy Compaction

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +

® MDCT (Modified DCT)
® MDCT Basis Elements
® Summary

® MATLAB routines

If consecutive x|n] are positively correlated, DCT concentrates energy in a
few X [k| and decorrelates them.

Example: Markov Process: z[n| = px[n — 1] + /1 — p?u[n]
where u|n| is i.i.d. unit Gaussian.

Then (z%[n]) = 1 and (z[n]z[n — 1]) = p.

Covariance of vector x is S; j = (xxf) == pli=il.

(3¥

Suppose ODCT of x is Cx and DFT is Fx.
Covariance of Cx is <CxxHCH> — CcscH (similarly FSFH)
Diagonal elements give mean coefficient energy.

Cumulative energy (%)

5 10 15 20 25 30
No of coefficients

Used in MPEG and JPEG (superseded by
JPEG2000 using wavelets)

Used in speech recognition to decorrelate
spectral coeficients: DCT of log spectrum

: DSP and Digital Filters (2017-10120)
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Energy Compaction

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +

® MDCT (Modified DCT)
® MDCT Basis Elements
® Summary

® MATLAB routines

If consecutive x|n] are positively correlated, DCT concentrates energy in a

few X [k| and decorrelates them.

Example: Markov Process: z[n| = px[n — 1] + /1 — p?u[n]

where u|n| is i.i.d. unit Gaussian.
Then (z%[n]) = 1 and (z[n]z[n — 1]) = p.

Covariance of vector x is S; ; = (xx ™). ;= pli=il.

Suppose ODCT of x is Cx and DFT is Fx.

Covariance of Cx is <CxxHCH> — CcscH (similarly FSFH)

Diagonal elements give mean coefficient energy.

)

-
© o
o o

JPEG2000 using wavelets)

©
o

~
o

(%]
o

Cumulative energy (%

a
o

N=32 ]

5 10 15 20 25 30
No of coefficients

e Usedin MPEG and JPEG (superseded by

e Used in speech recognition to decorrelate
=09 | spectral coeficients: DCT of log spectrum

Energy compaction good for coding (low-valued coefficients can be set to 0)

Decorrelation good for coding and for probability modelling

: DSP and Digital Filters (2017-10120)
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@ DCT Properties

® Energy Conservation
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@ Lapped Transform +
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® MDCT Basis Elements

® Summary
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Divide continuous signal
into frames

X{K] : . :k=30/220

vl AW N~

: DSP and Digital Filters (2017-10120)
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® Basis Functions
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@ DCT Properties

® Energy Conservation
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® Frame-based coding

@ Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary
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e Divide continuous signal
into frames

e Apply DCT to each frame

=,
=

XJK]

k=30/220

ED

y[n]-x[n]

vl AW N~

: DSP and Digital Filters (2017-10120)
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3: Discrete Cosine Transform P D|V|de COﬂtInUOUS Slgnal
® DFT Problems . x[n
BT \ into frames u\/\/\/\/\/\/\ /V\/\/
® Basis Functions

. XJK : . :k=30/220
® DCT of sine wave e Apply DCT to each frame ?;[ ! ~ l

@ DCT Properties

® Energy Conservation 3

® Energy Compaction o EnCOde DCT X[ﬂ/\/\/\\/\/\,/\/\/.\/\/\/\/\/\/
@ Frame-based coding y[n]-x[n]

@ Lapped Transform + o e.g. keep Only 30 X[k.] b S L e o s
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary
® MATLAB routines

' DSP and Digital Filters (2017-10120) Transforms: 3—9/14 -
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3: Discrete Cosine Transform ® D|V|de COﬂtIﬂUOUS S|gnal
® DFT Problems . x[n
o DCT ; into frames u\/\/\/\/\/\/\ /\/\/\/
@ Basis Functions

i X{K ; E :k=30/220
® DCTof sine wave e Apply DCT to each frame peld s l 1
® DCT Properties : : P :
® Energy Conservation }
® Energy Compaction o EnCOde DCT X[ﬂ/\/\/\\/\/\,/\/\/.\/\/\/\/\/\/
@ Frame-based coding y[n]-x[n] - -

ik SR s W

@ Lapped Transform + o eg keep only 30 X [k.] ;

® MDCT (Modified DCT)
® MDCT Basis Elements

o Summary e Apply IDCT — y|n]

® MATLAB routines

' DSP and Digital Filters (2017-10120) Transforms: 3—9/14 -
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3: Discrete Cosine Transform

Frame-based coding
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e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

@ Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

Divide continuous signal

into frames

Apply DCT to each frame

Encode DCT

o e.g. keep only 30 X [k]
Apply IDCT — y[n|

X{K]

X[n

WAL

y[n]-x[n]

k=30/220

iy AW W~

Problem: Coding may create discontinuities at frame boundaries

: DSP and Digital Filters (2017-10120)
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@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

@ Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary
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Divide continuous signal
into frames

Apply DCT to each frame
Encode DCT

o e.g. keep only 30 X [k]
Apply IDCT — y[n|

WA

X{K]
™

l k=30/220

y[n]-x[n]

]
NN

[NV

AWM s At

Problem: Coding may create discontinuities at frame boundaries

e.g. JPEG, MPEG use 8 x & pixel blocks

W

8.3 kB (PNG)

1.6 kB (JPEG)

0.5 kB (JPEG)

: DSP and Digital Filters (2017-10120)
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® Basis Functions
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@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

@ Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

Modified Discrete Cosine Transform (MDCT): overlapping frames 2/N long

z[0: 2N — 1]

2N

3N 4N

: DSP and Digital Filters (2017-10120)
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@ Lapped Transform +
® MDCT (Modified DCT)
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® Summary

® MATLAB routines

Modified Discrete Cosine Transform (MDCT): overlapping frames 2/N long

MDCT: 2N — N coefficients

2N

3N 4N
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® Energy Conservation
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@ Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

Modified Discrete Cosine Transform (MDCT): overlapping frames 2/N long

z[0: 2N — 1]

MDCT

— Xo[OZN—l]

IMDCT
— Yo

MDCT: 2N — N coefficients, IMDCT: N — 2N samples

[0: 2N — 1]

2N

3N 4N
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® Energy Conservation
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@ Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

Modified Discrete Cosine Transform (MDCT): overlapping frames 2/N long

z[0: 2N — 1]

MDCT

— Xo[OZN—l]

IMDCT

— yo[OQN—l]
[N : 3N — 1]

MDCT

2T X1 [N : 2N — 1]

MDCT: 2N — N coefficients, IMDCT: N — 2N samples

2N

3N 4N
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Modified Discrete Cosine Transform (MDCT): overlapping frames 2/N long

z[0: 2N — 1]

MDCT
— XO

IMDCT

0: N —1]

— yo[OQN—l]

z[N : 3N
MDCT

IMDCT
—

MDCT: 2N — N coefficients, IMDCT: N — 2N samples

)
[N : 2N — 1]

yl[N : 3N — 1]

2N

3N 4N
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® Summary
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Modified Discrete Cosine Transform (MDCT): overlapping frames 2/N long

z[0: 2N — 1]

MDCT
— XO

IMDCT

0: N —1]

— y0[02N—1]

z[N : 3N
MDCT

IMDCT
—

)
[N : 2N — 1]

yl[N : 3N — 1]

z|2N : 4N — 1]

MDCT
— X2

MDCT: 2N — N coefficients, IMDCT: N — 2N samples

2N : 3N — 1]

2N

3N 4N
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@ DCT Properties
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@ Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary
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Modified Discrete Cosine Transform (MDCT): overlapping frames 2/N long

z[0: 2N — 1]

MDCT

— Xo[o : N — ].]
M o[0: 2N — 1]
[N : 3N — 1]
MDCT

2T X1 [N : 2N — 1]

"EST y [V 3N — 1]
z|2N : 4N — 1]
MDCT

28T X5[2N : 3N — 1]
ST e [2N D AN — 1]

MDCT: 2N — N coefficients, IMDCT: N — 2N samples

2N

3N 4N
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@ DCT Properties

® Energy Conservation
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® Frame-based coding

@ Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

Modified Discrete Cosine Transform (MDCT): overlapping frames 2/N long

z[0: 2N — 1]
BT Xo[0: N —1]
M o[0: 2N — 1]
[N : 3N — 1]
25T XN ;2N — 1]
"EST y [V 3N — 1]
z|2N : 4N — 1]
25T X5[2N 1 3N — 1]
MO 4o [2N 1 AN — 1]

y[n] = yoln] +y1[n] +y2[n]

MDCT: 2N — N coefficients, IMDCT: N — 2N samples

2N

3N 4N

Add y;[n] together to get y[n|. Only two non-zero terms far any n.

: DSP and Digital Filters (2017-10120)

Transforms: 3—-10/14 '



-1
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Lapped Transform

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

@ Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

Modified Discrete Cosine Transform (MDCT): overlapping frames 2/N long

z[0: 2N — 1]
BT Xo[0: N —1]
M o[0: 2N — 1]
[N : 3N — 1]
25T XN ;2N — 1]
"EST y [V 3N — 1]
z|2N : 4N — 1]
25T X5[2N 1 3N — 1]
MO 4o [2N 1 AN — 1]

y[n] = yoln] +y1[n] +y2[n]

MDCT: 2N — N coefficients, IMDCT: N — 2N samples

yln]

Vel Ve

y[n]-x[n] = error

0 N 2N

13N 4N

Add y;[n] together to get y[n|. Only two non-zero terms far any n.
Errors cancel exactly: Time-domain alias cancellation (TDAC)

: DSP and Digital Filters (2017-10120)

Transforms: 3—-10/14 '



MDCT (Modified DCT)

MDCT: X [k] = S22~ " 2[n] cos 277(2”“;]\][\[)(%“) 0<k<N
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MDCT (Modified DCT)

MDCT: X [k] = S22~ " 2[n] cos 277(2”“;]\]]\])(%“) 0<k<N

If x and X are column vectors, then X = Mx

2m(2n+1+N)(2k+1)

where M is an N x 2N matrix with my, ,, = cos SN
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MDCT (Modified DCT)

MDCT: X [k] = S22~ " 2[n] cos 277(2”“;]\]]\])(%“) 0<k<N
IMDCT: y[n] = ~ kN:_Ol X k] cos 27T(2n+1;\],v)(2k+1) 0<n<2N
If x and X are column vectors, then X = Mx

where M is an N x 2N matrix with my, ,, = cos 27(2”“;37)(%“).
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MDCT (Modified DCT)

MDCT: X [k] = S22~ " 2[n] cos 277(2”“;]\]]\])(%“) 0<k<N
IMDCT: y[n] = ~ kN:_Ol X k] cos 27T(2n+1;\],v)(2k+1) 0<n<2N

If x, X and y are column vectors, then X = Mx andy = %MTX

2w (2n+14+N)(2k+1)
8N '

where M is an N x 2N matrix with my, ,, = cos
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MDCT (Modified DCT)

MDCT: X [k] = S22~ " 2[n] cos 277(2”“;]\]]\])(%“) 0<k<N

IMDCT: y[n] = ~ kN:_Ol X k] cos 27T(2n+1;\],v)(2k+1) 0<n<2N

If x, X and y are column vectors, then X = Mx andy = +M7X = + M Mx
2w (2n+14+N)(2k+1)

where M is an N x 2N matrix with my, ,, = cos SN
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MDCT (Modified DCT)

MDCT: X [k] = S22~ " 2[n] cos 277(2”“;]\]]\])(%“) 0<k<N

IMDCT: y[n] = ~ kN:_Ol X k] cos 27T(2n+1;\],v)(2k+1) 0<n<2N

If x, X and y are column vectors, then X = Mx andy = +M7X = + M Mx
where M is an N x 2N matrix with my, ,, = cos 27T(2n+1;\],v)(2k+1).

Quasi-Orthogonality: The 2N x 2N matrix, %MTM, is almost the identity:
1 ... 0 ] 0 ... 1

N MM = | ]Withl: o =

I-J 0
0 I+J
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MDCT (Modified DCT)

MDCT: X [k] = S22~ " 2[n] cos 277(2”“;]\]]\])(%“) 0<k<N
IMDCT: y[n] = ~ kN:_Ol X k] cos 27T(2n+1;\],v)(2k+1) 0<n<2N
If x, X and y are column vectors, then X = Mx andy = +M7X = + M Mx
where M is an N x 2N matrix with my, ,, = cos 27T(2n+1;\],v)(2k+1).
Quasi-Orthogonality: The 2N x 2N matrix, — M7 M, is almost the identity:
1 ... 0 ] 0 --- 1 ]
I-J 0
L T — l I p— . . . — . . 0
~M" M 2[ 0 I_|_J]W'th1 : . d L :
BRI 1 - 0

When two consective y frames are overlapped by /N samples, the second half of the
first frame has thus been multiplied by % (I + J) and the first half of the second frame
by % (I — J). When these y frames are added together, the corresponding x samples
have been multiplied by % I+J)+ % (I — J) = I giving perfect reconstruction.
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MDCT (Modified DCT)

MDCT: X [k] = S22~ " 2[n] cos 277(271“;\]]\])(%“) 0<k<N

IMDCT: y[n] = ~ kN:_Ol X k] cos 277(2”“;{,\7)(%“) 0<n<2N

If x, X and y are column vectors, then X = Mx andy = +M7X = + M Mx
where M is an N x 2N matrix with my, ,, = cos 27T(2n+1;\],v)(2k+1).

Quasi-Orthogonality: The 2N x 2N matrix, %MTM, is almost the identity:
1 ... 0 ] 0 ... 1

]WithI: e o d= 0
0o -..- 1 1 .-+ 0

M™M = 3

[I—J 0

1
o 0 I+J

When two consective y frames are overlapped by /N samples, the second half of the
first frame has thus been multiplied by % (I + J) and the first half of the second frame
by % (I — J). When these y frames are added together, the corresponding x samples
have been multiplied by % I+J)+ % (I — J) = I giving perfect reconstruction.

Normally the 2/N-long x and y frames are windowed before the MDCT and again after
the IMDCT to avoid any discontinuities; if the window is symmetric and satisfies
w?[i] + w?[i + N| = 2 the perfect reconstruction property is still true.

: DSP and Digital Filters (2017-10120)
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3: Discrete Cosine Transform

MDCT Basis Elements

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

MDCT: X [k] = S2N o

IMDCT: y|n]

1 N—-1
— N Z-2k=0

[n] cos

X k] cos

2m(2n+1+N)(2k+1)

8N
2w (2n+14+N)(2k+1)

8N

0<k<N

0<n<?2N
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3: Discrete Cosine Transform

MDCT Basis Elements

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

MDCT: X [k] = S2N o

IMDCT: y|n]

1 N—-1
— N Z-2k=0

[n] cos

X k] cos

2m(2n+1+N)(2k+1)

8N
2w (2n+14+N)(2k+1)

8N

0<k<N

0<n<?2N

In vector notation: X = Mx andy = ~M*X = +M"Mx
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3: Discrete Cosine Transform

MDCT Basis Elements

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

MDCT: X [k] = 32N 1 2[n] cos 2Rt L)k D)

2w (2n+14+N)(2k+1)
8N

In vector notation: X = Mx andy = ~M*X = +M"Mx

0<k<N

0<n<?2N

IMDCT: y[n] = ~ kN:_Ol X k] cos

The rows of M form the
MDCT basis elements.
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3: Discrete Cosine Transform

MDCT Basis Elements

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

MDCT: X [k] = S22Vt 2[n] cos ZEERALLN) 2R A1) 0<k<N
IMDCT: y[n] = ~ L X [k] cos QW(%H;\],V)(%H) 0<n<2N

In vector notation: X = Mx andy = ~M*X = +M"Mx

The rows of M form the
MDCT basis elements.

Example (N = 4):

M =
[ 0.56 0.20 —0.20 —-0.56 —0.83 —0.98 —0.98 —0.83 ]
—0.98 —0.56 0.56 0.98 0.20 —0.83 —0.83 0.20
0.20 0.83 —0.83 —0.20 0.98 —0.56 —0.56 0.98
| 083 —098 098 —0.83 056 —020 -020 056
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3: Discrete Cosine Transform

MDCT Basis Elements

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

MDCT: X [k] = S2N o

IMDCT: y[n] = & ST

2m(2n+1+N)(2k+1)

[n] cos

. 2w (2n+14+N)(2k+1)

0<k<N

0<n<?2N

In vector notation: X = Mx andy = ~M*X = +M"Mx

The rows of M form the
MDCT basis elements.

Example (N = 4):

M= _
0.56  0.20
—0.98 —0.56
0.20  0.83
| 0.83  —0.98

5 6 7
—0.98 —0.83 ]
—0.83 0.20
—0.56  0.98
—0.20  0.56 |
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3: Discrete Cosine Transform

MDCT Basis Elements

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

MDCT: X [k] = S2N o

IMDCT: y[n] = & ST

[n] cos

X k] cos

2m(2n+1+N)(2k+1)
8N

2w (2n+14+N)(2k+1)

8N

0<k<N

0<n<?2N

In vector notation: X = Mx andy = ~M*X = +M"Mx

The rows of M form the
MDCT basis elements.

Example (N = 4):

M= _
0.56  0.20
—0.98 —0.56
0.20  0.83
| 0.83  —0.98

—0.20
0.56
—0.83
0.98

—0.56 —-0.83 —0.98
0.98 0.20 —0.83
—0.20 098 —0.56
—0.83 056 —0.20

—0.98 —0.83 |
—0.83  0.20
—0.56  0.98
—0.20  0.56 |

The basis frequencies are {0.5, 1.5, 2.5, 3.5} times the fundamental.
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3: Discrete Cosine Transform

Summary

® DFT Problems
e DCT

® Basis Functions

+

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT: Discrete Cosine Transform
e Equivalent to a DFT of time-shifted double-length [ x % }

' DSP and Digital Filters (2017-10120) Transforms: 3—13/14



-1

3: Discrete Cosine Transform

Summary

® DFT Problems
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® Basis Functions
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® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT: Discrete Cosine Transform
e Equivalent to a DFT of time-shifted double-length [ x % }
e Often scaled to make an orthogonal transform (ODCT)
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3: Discrete Cosine Transform

Summary

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT:

Discrete Cosine Transform

Equivalent to a DFT of time-shifted double-length [ x % }
Often scaled to make an orthogonal transform (ODCT)
Better than DFT for energy compaction and decorrelation ©
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3: Discrete Cosine Transform

Summary

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT:

Discrete Cosine Transform

Equivalent to a DFT of time-shifted double-length [ x % }
Often scaled to make an orthogonal transform (ODCT)
Better than DFT for energy compaction and decorrelation ©

@)

Energy Compaction: Most energy is in only a few coefficients
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3: Discrete Cosine Transform

Summary

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT:

Discrete Cosine Transform

Equivalent to a DFT of time-shifted double-length [ x % }
Often scaled to make an orthogonal transform (ODCT)
Better than DFT for energy compaction and decorrelation ©

@)

©)

Energy Compaction: Most energy is in only a few coefficients
Decorrelation: The coefficients are uncorrelated with each other
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3: Discrete Cosine Transform

Summary

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT: Discrete Cosine Transform

Equivalent to a DFT of time-shifted double-length [ x % }
Often scaled to make an orthogonal transform (ODCT)
Better than DFT for energy compaction and decorrelation ©
o Energy Compaction: Most energy is in only a few coefficients
o Decorrelation: The coefficients are uncorrelated with each other
Nice convolution property of DFT is lost ®
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3: Discrete Cosine Transform

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

Summary
DCT: Discrete Cosine Transform
e Equivalent to a DFT of time-shifted double-length [ x % }
Often scaled to make an orthogonal transform (ODCT)
Better than DFT for energy compaction and decorrelation ©
o Energy Compaction: Most energy is in only a few coefficients
o Decorrelation: The coefficients are uncorrelated with each other
e Nice convolution property of DFT is lost @

MDCT: Modified Discrete Cosine Transform

Lapped transform: 2N — N — 2N
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3: Discrete Cosine Transform

Summary

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT: Discrete Cosine Transform
e Equivalent to a DFT of time-shifted double-length [ x % }
Often scaled to make an orthogonal transform (ODCT)
Better than DFT for energy compaction and decorrelation ©
o Energy Compaction: Most energy is in only a few coefficients
o Decorrelation: The coefficients are uncorrelated with each other
e Nice convolution property of DFT is lost @

MDCT: Modified Discrete Cosine Transform
e Lapped transform: 2N — N — 2N
e Aliasing errors cancel out when overlapping output frames are added
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3: Discrete Cosine Transform

Summary

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT: Discrete Cosine Transform
e Equivalent to a DFT of time-shifted double-length [ x % }
e Often scaled to make an orthogonal transform (ODCT)
e Better than DFT for energy compaction and decorrelation ©
o Energy Compaction: Most energy is in only a few coefficients
o Decorrelation: The coefficients are uncorrelated with each other
e Nice convolution property of DFT is lost @

MDCT: Modified Discrete Cosine Transform
e Lapped transform: 2N — N — 2N
e Aliasing errors cancel out when overlapping output frames are added
e Similar to DCT for energy compaction and decorrelation ©
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3: Discrete Cosine Transform

Summary

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

DCT:

Discrete Cosine Transform
Equivalent to a DFT of time-shifted double-length [ x % }
Often scaled to make an orthogonal transform (ODCT)
Better than DFT for energy compaction and decorrelation ©
o Energy Compaction: Most energy is in only a few coefficients
o Decorrelation: The coefficients are uncorrelated with each other
Nice convolution property of DFT is lost ®

MDCT: Modified Discrete Cosine Transform

Lapped transform: 2N — N — 2N

Aliasing errors cancel out when overlapping output frames are added
Similar to DCT for energy compaction and decorrelation ©
Overlapping windowed frames can avoid edge discontinuities ©
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3: Discrete Cosine Transform

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

Summary
DCT: Discrete Cosine Transform
e Equivalent to a DFT of time-shifted double-length [ x % }
Often scaled to make an orthogonal transform (ODCT)
Better than DFT for energy compaction and decorrelation ©
o Energy Compaction: Most energy is in only a few coefficients
o Decorrelation: The coefficients are uncorrelated with each other
e Nice convolution property of DFT is lost @

MDCT: Modified Discrete Cosine Transform

Lapped transform: 2N — N — 2N

Aliasing errors cancel out when overlapping output frames are added
Similar to DCT for energy compaction and decorrelation ©
Overlapping windowed frames can avoid edge discontinuities ©
Used in audio coding: MP3, WMA, AC-3, AAC, Vorbis, ATRAC
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3: Discrete Cosine Transform

® DFT Problems

e DCT +
® Basis Functions

® DCT of sine wave

@ DCT Properties

® Energy Conservation

® Energy Compaction

® Frame-based coding

® Lapped Transform +
® MDCT (Modified DCT)

® MDCT Basis Elements

® Summary

® MATLAB routines

Summary
DCT: Discrete Cosine Transform
e Equivalent to a DFT of time-shifted double-length [ x % }
Often scaled to make an orthogonal transform (ODCT)
Better than DFT for energy compaction and decorrelation ©
o Energy Compaction: Most energy is in only a few coefficients
o Decorrelation: The coefficients are uncorrelated with each other
e Nice convolution property of DFT is lost @

MDCT: Modified Discrete Cosine Transform

Lapped transform: 2N — N — 2N

Aliasing errors cancel out when overlapping output frames are added
Similar to DCT for energy compaction and decorrelation ©
Overlapping windowed frames can avoid edge discontinuities ©
Used in audio coding: MP3, WMA, AC-3, AAC, Vorbis, ATRAC

For further details see Mitra: 5.
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dct, idct

ODCT with optional zero-padding
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