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Note negative sign in first equation.
Authors in some SP fields reverse the sign of the a|n|: BAD IDEA.
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® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

B(z) _ bOITIE, (1—qiz™)

Factorize H(z) = O N 1 pia-1)

Roots of A(z) and B(z) are the “poles” {p; } and “zeros” {¢; } of H(2)
Also an additional N — M zeros at the origin (affect phase only)

plo]1] =~ | TT2L, |2 —ail

H(el¥ ’: for z = /¥
’ (%) 2= N[ TT;Z: |2—pil
Example:
H(z) = 049 451 B 2(1+1.2271)
— 1-096z 11064z 2  (1—(0.48—0.645)z 1)(1—(0.48+0.645)z 1)
10 ' 05 "
T ¥ o o o
5 0.5 )
|
% 1 2 3 1 0 1
W 0(z)
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5: Filters

IR Frequency Response

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

M ({_g. 51
Factorize H(z) = ﬁgzgz e Niz(ll(_lpzz_l) )

Roots of A(z) and B(z) are the “poles” {p; } and “zeros” {¢; } of H(2)
Also an additional N — M zeros at the origin (affect phase only)

b[0]] [z~ ™| T2, |z—q:
|z= N Hé\r:1|z_pi|

for z = eI%

[H(e)| =

Example:

H(z) B 049 451 B 2(1—|—1.2z_1)
— 1-0.96z-140.64z 2 (1—(0.48—0.64j)z 1)(1—(0.4840.645)z 1)

Atw = 1.3: ’H(ejw)’ __ _2x1.76

1.62x0.39
1
10 1 0.5
= N

T ¥ 0
5 05
1

% 1 2 3 1 0 1

w 0(z)
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5: Filters

IR Frequency Response

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

M ({_g. 51
Factorize H(z) = ﬁgzgz e Niz(ll(_lpzz_l) )

Roots of A(z) and B(z) are the “poles” {p; } and “zeros” {¢; } of H(2)
Also an additional N — M zeros at the origin (affect phase only)

b[0]] [z~ ™| T2, |z—q:
|z= N Hé\r:1|z_pi|

for z = eI%

[H(e)| =

Example:

H(z) B 049 451 B 2(1—|—1.2z_1)
— 1-0.96z-140.64z 2 (1—(0.48—0.64j)z 1)(1—(0.4840.645)z 1)

Atw = 1.3: |H(e?)| = 123=055=15.6

1.62x0.39
1
10 1 0.5
= N

T ¥ 0
5 05
1

% 1 2 3 1 0 1

w 0(z)
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IR Frequency Response

5: Filters M —1
: - : B(z) b[0] H’i:l(l_q’iz )
e Difference Equations — —
o FIR Filters peC iz H(Z) A(z) N (1—p;z—1)
® FIR Symmetries +

e IR Frt.aquencyResponse ROOtS Of A(Z) and B(Z) are the “pOIeS” {pz} and “ZerOS” {Q’L} Of H(Z)
s e Also an additional N — M zeros at the origin (affect phase only)

plo]1] =~ | TT2L, |2 —ail

® Cubing z
® Scaling z

® Low-pass filter

+ o+ 4+ o+ o+ o+ o+

® Allpass filters ’H(ejw)’ — |Z_N| HN |Z— | for Z = ejw

® Group Delay =1 pi

° Minimum Phastj:- Example

® Linear Phase Filters (1+1 o 1 )
2 2z

® Summary H(Z) - 2—|—24Z_1 _
® MATLAB routines — 1-0.96z- 1+40.64z-2  (1—(0.48—0.645)z1)(1—(0.48+0.645)z 1)

Atw = 1.3: yH(eﬂ'w)y — —1-263;-07_%9: 5.6

LH(e%) = (0.6 + 1.3) — (1.7 +2.2) = —1.97

10 1
B _ 0.5 1.62% _ 0.5
N N

I = 0 = 0
5 -0.5 -0.5
1 e 1

00 1 2 3 -1 0 1 1 0 1

0 0(2) 0(2)
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Negating z

5: Filters

Given a filter H(z) we can form a new one Hy(z)

e Difference Equations
® FIR Filters

® FIR Symmetries +
® |IR Frequency Response
® Negating z

@ Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

H(—2)
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5: Filters

Negating z +

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

@ Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Given a filter H(z) we can form a new one Hg(z) = H(—z2)
Negate all odd powers of z, i.e. negate alternate a[n| and b[n]

' DSP and Digital Filters (2017-10159) Filters: 5—6/15
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5: Filters

Negating z +

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

@ Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Given a filter H(z) we can form a new one Hg(z) = H(—z2)
Negate all odd powers of z, i.e. negate alternate a[n| and b[n]

: . 242421
Example: H(z) = 1—556:=15 06422

' DSP and Digital Filters (2017-10159) Filters: 5—6/15



Negating z +
—— Given a filter H(z) we can form a new one Hg(z) = H(—z2)
e Difference Equations
o FIR Fillers Negate all odd powers of z, i.e. negate alternate a[n| and b[n]
® FIR Symmetries +

® |IR Frequency Response —1
® Negating z + Example H(Z) =S5 1—0 926_|Z_%14—Iz-0 64z —2
@ Cubing z +

® Scaling z +

® Low-pass filter + L I .

® Allpass filters + 0.5 *

@ Group Delay + N of o o

® Minimum Phase + =

@ Linear Phase Filters 0.5 x

® Summary -1 i "’

® MATLAB routines -1 0 1
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Negating z +
—— Given a filter H(z) we can form a new one Hg(z) = H(—z2)
e Difference Equations
o FIR Fillers Negate all odd powers of z, i.e. negate alternate a[n| and b[n]
® FIR Symmetries +

® |IR Frequency Response —1

@ Negating z + Example H(Z) = 1—0 926_|Z_%fljo 64z —2

@ Cubing z +

® Scaling z +

® Low-pass filter + 1 g

® Allpass filters + 0.5 :.-"':. * 10

® Group Delay + N o o o 3

® Minimum Phase + - 5

@ Linear Phase Filters 0.5 x

® Summary -1 i "’

® MATLAB routines -1 0 1 00 1 2 3
0(2) w

' DSP and Digital Filters (2017-10159) Filters: 5—6/15
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Negating z +
—— Given a filter H(z) we can form a new one Hg(z) = H(—z2)
e Difference Equations
o FIR Fillers Negate all odd powers of z, i.e. negate alternate a[n| and b[n]

® FIR Symmetries +

® |IR Frequency Response

2424, 1

Example: H(z) =

® Negating z &

@ Cubing z +

® Scaling z +

® Low-pass filter + 1

® Allpass filters + 0.5 *

® Group Delay + N of o o

® Minimum Phase + =

e Linear Phase Filters 0.5 x
® Summary -1 i "

® MATLAB routines -1 0 1

0(2)

Negate z: Hp(z) =

HI

1—0.962—140.64z—2

10

22421

140.962—1+0.64z—2

Negate odd coefficients
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5: Filters

Negating z

e Difference Equations

® FIR Filters

® FIR Symmetries

® |IR Frequency Response

® Negating z
@ Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters

® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Given a filter H(z) we can form a new one Hg(z)
Negate all odd powers of z, i.e. negate alternate a[n| and b[n]

Example: H(z) =

Negate z: Hp(z) =

Pole and zero positions are negated

2424, 1

H(—z)

1—0.962—140.64z—2

HI

0(2)

10

2-2.4, 1

0(2)

140.962—1+0.64z—2

Negate odd coefficients
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Negating z +
—— Given a filter H(z) we can form a new one Hg(z) = H(—z2)
e Difference Equations
o FIR Fillers Negate all odd powers of z, i.e. negate alternate a[n| and b[n]
® FIR Symmetries +

® |IR Frequency Response . 2_|_2 Az~ 1
® Negating z + Example' H(Z) — 1—0.962—140.642—2
@ Cubing z +
® Scaling z +
® Low-pass filter + 1
® Allpass filters + 0.5 ; * 10
® Group Delay + N ol o fo) T
® Minimum Phase & - o 5
@ Linear Phase Filters 0.5 x
® Summary -1 i ‘
® MATLAB routines -1 0 1 00 1 2 3
0(2) )
: _ 2—2.4z"1 -
Negate z: HRr(2) = 12556, -1 10615 Negate odd coefficients
1 L ‘
E o o ‘o T
05 ) >
1 0 1 % 1 2 3
0(2) )

| Pole and zero positions are negated, response is flipped and conjugated.
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Cubing z

5: Filters

Given a filter H(z) we can form a new one H¢ (2)

e Difference Equations
® FIR Filters

® FIR Symmetries +
® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines
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5: Filters

Cubing z

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Given a filter H(z) we can form a new one Ho(z) = H(23)
Insert two zeros between each a[n] and b[n| term
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5: Filters

Cubing z

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Given a filter H(z) we can form a new one Ho(z) = H(23)
Insert two zeros between each a[n] and b[n| term

2424, 1
1—0.962—14+0.642 2

Example: H(z) =

: DSP and Digital Filters (2017-10159)
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Cubing z +

5: Filters . .

S ——— Given a filter H (2) we can form a new one Hq(z) = H(2°)
o FIR Fiters Insert two zeros between each a[n] and b[n| term
® FIR Symmetries +

® |IR Frequency Response —1

@ Negating z + Example H(Z) = 1—0 926—|Z_%14—|Z-0 642 —2

® Cubing z +

® Scaling z +

® Low-pass filter + 1

@ Allpass filters & 0.5 *

® Group Delay & @ of o o

® Minimum Phase + -

@ Linear Phase Filters -0.5 x

® Summary -1 R

® MATLAB routines -1 0 1

' DSP and Digital Filters (2017-10159) Filters: 5—7/15



Cubing z +

5: Filters . .
J———— Given a filter H (2) we can form a new one Hq(z) = H(2°)
® FIR Filters Insert two zeros between each a[n] and b[n| term
® FIR Symmetries +
® |IR Frequency Response 2_|_2 Az~ 1
o Negating 2 : Example: H(2) = 1—556--T 10 615=2
® Cubing z +
® Scaling z +
® Low-pass filter + 1
@ Allpass filters + 05 X 10
® Group Delay & @ of o o ] T
® Minimum Phase & - - 5
@ Linear Phase Filters -0.5 x 4
® Summary -1 R
® MATLAB routines 1 0 1 0 _'2 0 2
0@)  (rad/sample)

' DSP and Digital Filters (2017-10159) Filters: 5—7/15
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Cubing z

5: Filters . . o 3
J———— Given a filter H (z) we can form a new one Ho(2) = H(z°)
o FIR Fiters Insert two zeros between each a[n] and b[n| term
® FIR Symmetries +
® |IR Frequency Response —1
@ Negating z + Example H(Z) = 1—0 926—’21_%14—]2-0 642 —2
® Cubing z & ’ '
® Scaling z +
® Low-pass filter + 1
® Allpass filters + 0.5 i 10
® Group Delay & @ ol o _: o :‘ T
® Minimum Phase & - _ 5
@ Linear Phase Filters -0.5 x 4
® Summary -1 R
® MATLAB routines 1 0 1 0 _'2 0 2
0@)  (rad/sample)
. . 242428
Cube z: Ho(z) = i G Insert 2 zeros between coefs

: DSP and Digital Filters (2017-10159)
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Cubing z +
5: Filters 0 . o 3
J———— Given a filter H (z) we can form a new one Ho(2) = H(z°)
® FIR Filtrs Insert two zeros between each a[n] and b[n| term
® FIR Symmetries +
® |IR Frequency Response —1
@ Negating z + Example H(Z) = 1—0 926—2%14_"2_0 64z—2
® Cubing z & ’ '
® Scaling z +
® Low-pass filter + 1
® Allpass filters + 0.5 i 10
® Group Delay + N of o _: o “ T
® Minimum Phase & - - 5
@ Linear Phase Filters -0.5 x &
® Summary -1 R
® MATLAB routines 1 0 1 0 _'2 0 2
0(2) w (rad/sample)
. _ 242428
Cube z: Ho(2) = 1=5565-5 r0.645=5 Insert 2 zeros between coefs
1 e o
osf S~
-0.5 x "
1 S
1 0 1

| Pole and zero positions are replicated |
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Cubing z +
5: Filters . . - 3
J———— Given a filter H (z) we can form a new one Ho(2) = H(z°)
® FIR Fiters Insert two zeros between each a[n] and b[n| term
® FIR Symmetries +
® |IR Frequency Response —1
o liigsiing = ; Example: H (2) = t—; 926422‘1%0 PR
® Cubing z & ’ '
® Scaling z +
® Low-pass filter & 1
® Allpass filters + 0.5 i 10
® Group Delay + N o o : o ‘: T
@ Minimum Phase + 0 5
@ Linear Phase Filters -0.5 x 4
® Summary -1 R
@ MATLAB routines 1 0 1 0 _'2 0 2
0(2) w (rad/sample)
—3
Cube z: Ho(z2) = =0 926J,;%§1j0 615 =F Insert 2 zeros between coefs
1 e Q
05 :.:':.332 10
0 0: o ?
% 5
05
) S 0 _ _
-1 0 1 -2 0 2
z w (rad/sample)

| Pole and zero positions are replicated, magnitude response replicated. |
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Scaling z

5: Filters

Given a filter H(z) we can form a new one Hg(2)

e Difference Equations
® FIR Filters

® FIR Symmetries +
® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines
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Scaling z
S — - Given a filter H (z) we can form a new one Hg(z)
® FIR Filiers Multiply a[n]| and b[n] by o
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines
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Scaling z

5: Flters _ Given a filter H (z) we can form a new one Hg(2)
e Difference Equations

o FIR Filters Multiply a[n] and b[n] by ™

® FIR Symmetries +

® |IR Frequency Response . 2492 42— 1

® Negating z Example H(Z) = 1—096_;_1—|-064Z_2
® Cubing z

® Scaling z

® Low-pass filter
@ Allpass filters
® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines
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Scaling z
AELEe _ Given a filter H (z) we can form a new one Hg(z) = H(£)
e Difference Equations o
® FIR Filters Multiply a[n] and b[n] by o™
® FIR Symmetries +
@ |IR Frequency Response . 2_|_2 Az~ 1
@ Negating z o Example H(Z) — 1—0962_1—|-064Z_2
® Cubing z +
® Scaling z + 1 R ——
® Low-pass filter + 05 *
@ Allpass filters + o ol o o
® Group Delay + -

-0.5

® Minimum Phase +
® Linear Phase Filters 1 g 0 1
@ Summary 0(2)

® MATLAB routines

: DSP and Digital Filters (2017-10159)
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Scaling z +
— _ Given a filter H(z) we can form a new one Hg(z) = H(%)
e Difference Equations &
® FIR Filters Multiply a[n] and b[n] by o™
® FIR Symmetries +
® |IR Frequency Response . 2_|_2 Az 1
o Negating 2 . Example: H(z) = T—0.965-140.645=2
® Cubing z + . .
® Scaling z + 1 R ——
® Low-pass filter + 05 " 10
@ Allpass filters + T o o o T
® Group Delay + - N 5

-0.5

® Minimum Phase +
® Linear Phase Filters 1 g 0 1 0
@ Summary 0(2) ° . w ? :

® MATLAB routines
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-1

Scaling z N
AELEe _ Given a filter H (z) we can form a new one Hg(z) = H(%)
e Difference Equations (6%
o FIR Filters Multiply a[n] and b[n] by ™
® FIR Symmetries +
@ |IR Frequency Response ] 2+2.4z 1
o Negating 2 . Example: H(z) = T—0.965-140.645=2
® Cubing z + . .
® Scaling z + 1F e ..
® Low-pass filter + 05 " 10
® Allpass filters + ¥ o o o T
e Group Delay + - B 5
-0.5
® Minimum Phase +
® Linear Phase Filters * 1 0 1 0
@ Summary 0(2) ° . w ’ ’
® MATLAB routines
_ - z N\ _ 24+2.642 "
Scale z: HS(Z) — H(ﬁ) — 1—1.0562—1+40.77442—2
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Scaling z "
5 Flers _ Given a filter H (z) we can form a new one Hg(z) = H(%)
e Difference Equations o
o FIR Filters Multiply a[n] and b[n] by ™
® FIR Symmetries +
e IIR Frequency Response ] 2+2.4z 1
® Negating z 5 Example' H(Z) - 1—0.962—140.642—2
® Cubing z + . .
® Scaling z + 1F e ..
® Low-pass filter + 05 " 10
® Allpass filters + ¥ o o o I
e Group Delay + - 5
-0.5
® Minimum Phase +
® Linear Phase Filters * 1 0 1 0
@ Summary 0(2) ° . w ’ ’
® MATLAB routines
_ I 2\ 2+42.642" "

Scale z: Hg(z) = H(17) = 1—1.0562—1+0.77442 2

0.5 "

-0.5 )

-1 S
1 0 1
z

Pole and zero positions are multiplied by «
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Scaling z

5: Filters

e Difference Equations
® FIR Filters
® FIR Symmetries +

® |IR Frequency Response

Given a filter H (z) we can form a new one Hg(z) = H(Z)
Multiply a[n]| and b[n] by o

2424, 1

Example: H(z) =

1—0.962—140.64z—2

® Negating z +

® Cubing z +

® Scaling z + [

® Low-pass filter + 05 " 10
- - — { 3 -

@ Allpass filters % of of o z

® Group Delay T 05 E 5

® Minimum Phase +

® Linear Phase Filters 0

-1 0 1 0
@ Summary 0(2)

® MATLAB routines

Scale z: Hg(z) = H(

z

1.1

) o 24+2.64z 1
T 1—1.0562—14+0.7744z 2

i

T 0??0
¢l$ Y]

! s 20
05 5 : 5
o ! ° ] < 10
05 . Y 5
Al e
1 0 1 00

Vll&
1 2 3
 (rad/s)

Pole and zero positions are multiplied by o, « > 1 =-peaks sharpened.
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Scaling z +
5: Flters _ Given a filter H (z) we can form a new one Hg(z) = H(%)
e Difference Equations o
o FIR Filters Multiply a[n] and b[n] by a”
® FIR Symmetries +
@ |IR Frequency Response . 2_|_2 Az 1
® Negating z + Example' H(Z) — 1—0.962—140.642—2
® Cubing z + . .
® Scaling z + 1 R —— .
® Low-pass filter + 05 " 10
@ Allpass filters + o .0 o o T
® Group Delay + - N 5
-0.5
® Minimum Phase +
® Linear Phase Filters 1 g 0 1 0
@ Summary 0(2) ° . w ? :
® MATLAB routines
: _ 2N 242.64z "
Scale z: Hs(z) = H( ﬁ) — 1-1.0562—140.7744z—2
1 20
0.5 15

_1 R

OO 1

1 2 3
z  (rad/s)

Pole and zero positions are multiplied by o, « > 1 =-peaks sharpened.
Pole at z = p gives peak bandwidth ~ 2 |log p|| =~ 2 (1 — |p|)
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Scaling z

5: Filters

e Difference Equations
® FIR Filters
® FIR Symmetries +

® |IR Frequency Response

Given a filter H (z) we can form a new one Hg(z) = H(Z)
Multiply a[n]| and b[n] by o

2424, 1

Example: H(z) =

1—0.962—140.64z—2

® Negating z +

® Cubing z +

® Scaling z + [

® Low-pass filter + 05 " 10
- - — { 3 -

@ Allpass filters % of of o z

® Group Delay T 05 E 5

® Minimum Phase +

® Linear Phase Filters 0

-1 0 1 0
@ Summary 0(2)

® MATLAB routines

Scale z: Hg(z) = H(

z

1.1

) o 24+2.64z 1
T 1—1.0562—14+0.7744z 2

i

T 0??0
¢l$ Y]

! s 20
05 5 : 5
o ! ° ] < 10
05 . Y 5
Al e
1 0 1 00

Vll&
1 2 3
 (rad/s)

Pole and zero positions are multiplied by o, « > 1 =-peaks sharpened.
Pole at z = p gives peak bandwidth ~ 2 |log [p|| =~ 2 (1 — [p|)
For pole near unit circle, decrease bandwidth by ~ 2 log «

: DSP and Digital Filters (2017-10159)

Filters: 5 — 8/ 15



-1

Low-pass filter

2 Alizs 1st order low pass filter: extremely common

e Difference Equations
e FIR Filters y[n] = (1 — p)a:[n] -+ py[n — 1]
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines
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Low-pass filter

2 Alizs 1st order low pass filter: extremely common

e Difference Equations

y[n] = (1 = p)z[n] + py[n — 1]= H(z)

® FIR Symmetries +
® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

0.5

0(z)
o

-0.5
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Low-pass filter +

5: Filters 1st order low pass filter: extremely common

o FIR Fiers yln] = (1 — p)z[n] + pyln — 1]= H(z) = —L£

1—p=z
® FIR Symmetries + p

e |IR Fr(?quency Response ImpUIse response
® Negating z h[ ] (1 ) n
ny=\{¢—-p)p

® Cubing z

® Scaling z

® Low-pass filter
@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

1 e p=080
osf -
Al T —— " TTTT??‘PQQoomnn
-1 0 1
0@
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Low-pass filter +
o: Flters _ 1st order low pass filter: extremely common
e Difference Equations 1 —p
® FIR Fiters yln] = (1 —p)z[n] +pyln — 1]= H(z) = T
® FIR Symmetries e
e |IR Fr(?quency Response ImpUIse response
® Negating z & h[ ] (1 ) n (1 ) n
@ Cubing z + nl = — — — e T
® Scaling z + ]i p q p . .
Y p——_— X where 7 = — np 'S the time constant in samples.
@ Allpass filters +
® Group Delay &
® Minimum Phase +
® Linear Phase Filters
® Summary
® MATLAB routines
1 — ? 0=0.80
osf
-0.5 ,~"':::.
A e _ TTTTTT???QQOOQA(\
-1 0 1
d(2)
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Low-pass filter +
>: Fiters : 1st order low pass filter: extremely common
e Difference Equations 1 —p
o FIR Fiters yln| = (1 = p)z[n] + pyln — 1]= H(z) = =
® FIR Symmetries +
: :LRgthgy MBS Impulse response:
® Cubing z h[n] o (1 — p)pn — (1 — p)e_%
® Scaling z

where 7 = IS the time constant in samples.

® Low-pass filter — 1n P

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

Magnitude response: {H(ejw)’ — 7 21—p —
—2p cos w—+p

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

1
1 e ® p=0.80
0.5 ; ' ’ Y

T =
s ] T o5
| TTTT??‘PQQoomnn 0

- - - 0 1 2 3
9 w (rad/sample)
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Low-pass filter

S — — 1st order low pass filter: extremely common
o FIR Filters y[n] — (1 — p)x[n] _|_py[n _ 1]:> H(Z) —
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Impulse response:

hin)=(1—p)p"=(1—ple -~
where 7 = —

Magnitude response: | H (e/*)| =

0.5

0(z)
o

-0.5

1—p

p=0.80

TTTTTTTT?QQQQOQAH

[HI (dB)

o \/1—2p cos w-+p2

-10

-20

—1

IS the time constant in samples.

0.1 1
w (rad/sample)
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Low-pass filter

S — — 1st order low pass filter: extremely common
o FIR Filters y[n] — (1 — p)x[n] _|_py[n _ 1]:> H(Z) —
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Impulse response:

hin)=(1—p)p"=(1—ple -~
where 7 = —

Magnitude response: {H(ejw)’ —

0.5

0(z)
o

-0.5

1—p

p=0.80

TTTTTTTT?QQQQOQAH

[HI (dB)

\/1—2p cos w-+p2
Low-pass filter with DC gain of unity.
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IS the time constant in samples.
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Low-pass filter

S — — 1st order low pass filter: extremely common
o FIR Filters y[n] — (1 — p)x[n] _|_py[n _ 1]:> H(Z) —
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Impulse response:
hin] = (1 —p)p" = (1 —ple™ 7
where 7 = —

Magnitude response: {H(ejw)’ —

3 dB frequency is wsgp = cos ™! (1

0.5

0(z)
o

-0.5

1—p

p=0.80

TTTTTTTT?QQQQOQAH

[HI (dB)

\/1—2p cos w-+p2
Low-pass filter with DC gain of unity.

_ (1-p)?
2p

-10

-20
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IS the time constant in samples.
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w (rad/sample)
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Low-pass filter

S — — 1st order low pass filter: extremely common
o FIR Filters y[n] — (1 — p)x[n] _|_py[n _ 1]:> H(Z) —
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Impulse response:
hin] = (1 —p)p" = (1 —ple™ 7
where 7 = —

Magnitude response: {H(ejw)’ —

3 dB frequency is wsgp = cos ™! (1

0.5

0(z)
o

-0.5

1—p

p=0.80

TTTTTTTT?QQQQOQAH

[HI (dB)

\/1—2p cos w-+p2
Low-pass filter with DC gain of unity.

_ (1-p)?
2p
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IS the time constant in samples.

~ 21+p

0.1 1
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Low-pass filter

S — — 1st order low pass filter: extremely common
o FIR Filters y[n] — (1 — p)x[n] _|_py[n _ 1]:> H(Z) —
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Impulse response:
hin] = (1 —p)p" = (1 —ple™ 7
where 7 = —

Magnitude response: {H(ejw)’ —

3 dB frequency is wsgp = cos ™! (1

0.5

0(z)
o

-0.5

1—p

p=0.80

TTTTTTTT?QQQQOQAH

[HI (dB)

\/1—2p cos w-+p2
Low-pass filter with DC gain of unity.
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Low-pass filter

S — — 1st order low pass filter: extremely common
o FIR Filters y[n] — (1 — p)x[n] _|_py[n _ 1]:> H(Z) —
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Compare continuous time: H¢ (jw) =

Impulse response:
hin] = (1 —p)p" = (1 —ple™ 7
where 7 = —

Magnitude response: {H(ejw)’ —

3 dB frequency is wsgp = cos ™! (1

0.5

0(z)
o

-0.5

1—p

1

p=0.80

TTTTTTTT?QQQQOQAH

1+jwT

[HI (dB)

\/1—2p cos w-+p2
Low-pass filter with DC gain of unity.
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IS the time constant in samples.
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Low-pass filter

S — — 1st order low pass filter: extremely common
o FIR Filters y[n] — (1 — p)x[n] _|_py[n _ 1]:> H(Z) —
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Compare continuous time: H¢ (jw) =

Impulse response:

hin] = (1 —p)p" = (1 —p)e~~

where 7 = IS the time constant in samples.

Magnitude response: {H(ejw)’ —

1—p

1—p

1

1+jwT

\/1—2p cos w-+p2
Low-pass filter with DC gain of unity.

2
3 dB frequency is w3gp = cos™ (1 _ (-p)

1—p=z

—1

Indistinguishable for low w but H (e’*) is periodic, Hc (jw) is not
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0(z)
o
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Q
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TTTTTTTT?QQQQOQAH
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0
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Low-pass filter

S — — 1st order low pass filter: extremely common
o FIR Filters y[n] — (1 — p)x[n] _|_py[n _ 1]:> H(Z) —
® FIR Symmetries +

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Compare continuous time: H¢ (jw) =

Impulse response:

hin] = (1 —p)p" = (1 —p)e~~

where 7 = IS the time constant in samples.

Magnitude response: {H(ejw)’ —

1—p

1—p
1—pz—1

1

1+jwT

2
3 dB frequency is w3gp = cos™ (1 _ (-p)

\/1—2p cos w-+p2
Low-pass filter with DC gain of unity.

Indistinguishable for low w but H (e’*) is periodic, Hc (jw) is not
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Allpass filters +

5: Filters B(z
e Difference Equations If H(Z) = A Ezg
o FIR Filters

® FIR Symmetries + . M * —jwr . M * Jjws
a” |M—rl|e — M a”[s|e

® |IR Frequency Response j H(e-]w) p— T:gw [ _] - — £} Jw Zifo [ ]_ —

® Negating z r=0 CL[’I"]G J r=0 CL[T]@ J

with b[n] = a*[M — n] then we have an allpass filter:

[s = M — ]

® Cubing z

® Scaling z

® Low-pass filter
@ Allpass filters
® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines
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5: Filters

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Allpass filters
If H(z) = ﬁgi; with b[n] = a*[M — n] then we have an allpass filter:
. ]\4_ *[ M — —Jjwr o 1\4_ * Jjws
= H(ed¥) = ZT—%ZO[CL[T]gfw = ¢JwM 254;;) Z[T[]S;fjwr [s = M — 7]

The two sums are complex conjugates
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5: Filters

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Allpass filters
If H(z) = ﬁgi; with b[n] = a*[M — n] then we have an allpass filter:
= H(ejw) _ Zﬁ%a*[M—r]e‘j” — e—jwM Zé\io a*[s]e?? [s = M — 1]

o alrlemiwr 7{\/[:0 a[rle—Jwr

The two sums are complex conjugates = they have the same magnitude
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5: Filters

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Allpass filters
If H(z) = ﬁgi; with b[n] = a*[M — n] then we have an allpass filter:
= H(ejw) _ Zﬁ%a*[M—r]e‘j” — e—jwM Zé\io a*[s]e?? [s = M — 1]

o alrlemiwr 7{\/[:0 a[rle—Jwr

The two sums are complex conjugates = they have the same magnitude
Hence |H (e“)| = 1Vw
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5: Filters

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Allpass filters
If H(z) = ﬁgi; with b[n] = a*[M — n] then we have an allpass filter:
= H(ejw) _ Zﬁ%a*[M—r]e‘j” — e—jwM Zé\io a*[s]e?? [s = M — 1]

o alrlemiwr 7{\/[:0 a[rle—Jwr

The two sums are complex conjugates = they have the same magnitude
Hence |H (e/“)| = 1Vw < “allpass”
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5: Filters

e Difference Equations
® FIR Filters

® FIR Symmetries

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Ih

+ o+ 4+ o+ o+ o+ o+

Allpass filters +
If H(z) = ﬁgi; with b[n] = a*[M — n] then we have an allpass filter:
. ]\4_ *[ M — —Jjwr o ]\4_ * Jjws
= H(ed¥) = Z?‘—?}Zoz[r]glr = ¢JwM 254:; Z[,’,,[]S;fjwr [s = M — 7]

The two sums are complex conjugates = they have the same magnitude
Hence |H (e/“)| = 1Vw < “allpass”

However phase is not constant: ZH (e/%) = —wM — 2/ A(e?%)
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Allpass filters +
5: Filters B . .
By — If H(z) = Ag; with b[n] = a*[M — n] then we have an allpass filter:
o FIR Filters
® FIR Symmetries + M * —jwr M * | W S
; “aa [M—rle? _ - ,a”[s]e’
o:\IlR Fr(?quencyResponse — H(e-]w) p— Zr—gw [a,[r]e—]jwr = e -]wM Z&_Oa[fr’[]e]—jwr [S = M — 7’*]
® Negating z e r=—0 r=0
® Cubing z + ) )
o Scaling 2 . The two sums are complex conjugates = they have the same magnitude
® Low-pass filter + jw ’ — i ”
SR ' Hence ]H (e?v) 1Vw < “allpass
® Group Delay + . S0 "
o MiimumPhase  + However phase is not constant: /H (e7“) = —wM — 2/ A(e?)
® Linear Phase Filters
® Summary . L —p+z_1
O 1st order allpass: H(z) = T T
0
1
0.8 -1
T 06 T
0.4 2
0.2
-3
O0 1 2 3 0 1 2 3
w w
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Allpass filters +
5: Filters B . .
By — If H(z) = Ag; with b[n] = a*[M — n] then we have an allpass filter:
o FIR Filters
® FIR Symmetries + . ZM a* [M_T]e—jw'r- . ZM a* [S]@jws
@ |IR Frequency Response — H ejw — r=0 - — e_jwM s=0 - s=M —r
® Negating z + ( ) 71}4:0 a[r]e—jwr 7{\4:0 a[r]e—jwr [ ]
® Cubing z + ) )
o Scaling 2 . The two sums are complex conjugates = they have the same magnitude
® bowpass T ) Hence ]H (63‘”)] = 1Vw < “allpass”
@ Allpass filters +
® Group Delay + . g .
o MiimumPhase  + However phase is not constant: /H (e7“) = —wM — 2/ A(e?)
® Linear Phase Filters
® Summary . = +Z_1 1— _12_1
® MATLAB routines 1St Order a'”pa'ss H(Z) — 1£pz—1 — _p 1fpz—1
Pole at p and zero at p— !
0
1 1 e
0.8 -1 0.5
iO.G g § 0 + x i 0
0.4 2 0.5
oz 1Y~ e
-3 1 ..............
O0 1 2 3 0 1 2 3 1 0 1
w w 0(2)
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Allpass filters +
5: Filters B . .
By — If H(z) = Ag; with b[n] = a*[M — n] then we have an allpass filter:
o FIR Filters
® FIR Symmetries + . ZM a*[M_T]e_jWT g ZM a,*[S]eij
@ |IR Frequency Response — H ejw — r=0 - — e_jwM s=0 - s=M —r
@ Negating z + ( ) 7{\4:0 CL[’I"]G_J‘“UT 7{\4:0 a,['r']e_JWT [ ]
® Cubing z + . .
o Scaling 2 . The two sums are complex conjugates = they have the same magnitude
® bowpass T ) Hence ]H (eﬂw)] = 1Vw < “allpass”
@ Allpass filters +
® Group Delay + . g .
o MiimumPhase  + However phase is not constant: /H (e7“) = —wM — 2/ A(e?)
® Linear Phase Filters
® Summary ) _ —f-Z_l 1— —1Z—1
® MATLAB routines 1St Order a'”pa'ss H(Z) — 1£pz—1 — _p 1fpz—1
Pole at p and zero at p—!: “reflected in unit circle”
0
) 1 e
0.8 -1 0.5
iO.G g § 0 + x i 0
0.4 2 05
oz 1Y~ e
_3 1 ..............
O0 1 2 3 0 1 2 3 1 0 1
W () O(z)
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Allpass filters +
5: Filters B . .
By — If H(z) = Ag; with b[n] = a*[M — n] then we have an allpass filter:
o FIR Filters
® FIR Symmetries + M * —Jwr M * | W S
. M — J o T a’s 63
e IIR Frequency Response — H(GJW) — Zrzgwa’ [ T—]jwr —e JwM Zi/[_o [ ]—jwr [s = M — r]
® Negating z + r=0 CL[’I"]G r=0 a[r]e
® Cubing z + . .
o Scaling 2 . The two sums are complex conjugates = they have the same magnitude
® bowpass T ) Hence ]H (eﬂw)] = 1Vw < “allpass”
@ Allpass filters +
® Group Delay + . g .
o MiimumPhase  + However phase is not constant: /H (e7“) = —wM — 2/ A(e?)
® Linear Phase Filters
® Summary . L —p+z_1 L 1—p_1z_1
O 1st order allpass: H(z) = T T= P T
Pole at p and zero at p—!: “reflected in unit circle”

Constant distance ratio: |e/“ — p| = |p| ‘ejw — %|Vw

0

1
1
0.8 B N
_ I )
T 06 = -
0.4 _ -
0 | 2 '~..-._. -“,a‘
A T S —
0
0 1 2 3 0 1 5 > - " :
w ’ 0(2)
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Allpass filters

5: Filters B(
e Difference Equations If H(Z) — (
® FIR Filters

® FIR Symmetries +

e

® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

Pole at p and zero at p

Constant distance ratio: |e/“ — p| = |p| ‘ejw — %|Vw

Z
z

= H(el¥) =

1st order allpass: H(z) =

0.8
T 06
0.4
0.2

w

I
O

0

-1

-2

-3

—1
l—pz—1 p 1—pz—1

—1.

*[M—r]e” %" _
[ [r]e—]jwr = e~iwM &

“reflected in unit circle”

évio a”[s]e

Jjws

0

w

O(z)

[rle=7%7

1
0.5
0

-0.5

-1

with b[n] = a*[M — n] then we have an allpass filter:

[s = M — ]

The two sums are complex conjugates = they have the same magnitude
Hence |H (e/“)| = 1Vw < “allpass”

However phase is not constant: ZH (e/%) = —wM — 2/ A(e?%)

In an allpass filter, the zeros are the poles reflected in the unit circle.
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Group Delay

5: Filters

@ Difference Equations G roup delay TH (ejw ) —

® FIR Filters
® FIR Symmetries +
® |IR Frequency Response
® Negating z

® Cubing z

® Scaling z

® Low-pass filter

@ Allpass filters

® Group Delay

+ o+ 4+ o+ o+ o+ o+

® Minimum Phase

® Linear Phase Filters
® Summary

® MATLAB routines

_dZH(Y) _
dw -

delay of the modulation envelope.
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Average group delay (over w) = (# poles — # zeros) within the unit circle
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filter filter a signal

impz Impulse response
residuez partial fraction expansion
grpdelay Group Delay

freqz Calculate filter frequency response
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