-1

6: Window Filter Design

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel +
® Window relationships

® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

6: Window Filter Design

: DSP and Digital Filters (2017-10159)

Windows: 6 —1/11 '



-1

6: Window Filter Design

Inverse DTFT

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

For any BIBO stable filter, H (¢/“) is the DTFT of h[n]

: DSP and Digital Filters (2017-10159)

Windows: 6 —2 /11 '



-1

6: Window Filter Design

Inverse DTFT

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

For any BIBO stable filter, H (¢/“) is the DTFT of h[n]

H(el*) =3~

o0
o0

h[n|e~7wn

: DSP and Digital Filters (2017-10159)

Windows: 6 —2 /11 '



-1

6: Window Filter Design

Inverse DTFT

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

For any BIBO stable filter, H (¢/“) is the DTFT of h[n]

H(el*) =3~

o0
o0

hlnle™9*" & hin] = 5= [©_ H(e!¥)el“™dw

: DSP and Digital Filters (2017-10159)

Windows: 6 —2 /11 '



-1

6: Window Filter Design

Inverse DTFT

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

For any BIBO stable filter, H (¢/“) is the DTFT of h[n]

H(el*) =3~

o0
o0

h[n|e~7wn

< hin] =

% ffw H(e?%)e?“ndw

If we know H (e’*) exactly, the IDTFT gives the ideal h[n]

: DSP and Digital Filters (2017-10159)

Windows: 6 —2 /11 '



-1

6: Window Filter Design

Inverse DTFT

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

For any BIBO stable filter, H (¢/“) is the DTFT of h[n]

hlnle™9*" & hin] = 5= [©_ H(e!¥)el“™dw

H(el*) =37

If we know H (e’*) exactly, the IDTFT gives the ideal h[n]

Example: Ideal Lowpass filter

H(el¥) =

1 |w| < wg

0 |w| > Wy

: DSP and Digital Filters (2017-10159)

Windows: 6 —2 /11 '



-1

6: Window Filter Design

Inverse DTFT

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

For any BIBO stable filter, H (e/“) is the DTFT of h[n]

H(el*) =37

hlnle™9*" & hin] = 5= [©_ H(e!¥)el“™dw

If we know H (e’*) exactly, the IDTFT gives the ideal h[n]

Example: Ideal Lowpass filter

sin wgn

hin| =

0 |Cd| > Wy
1
20,
I 05 < >
0

21w

: DSP and Digital Filters (2017-10159)

Windows: 6 —2 /11 '



Inverse DTFT

6: Window Filter Design For any BIBO stable flltel’, H(ejw) is the DTFT of h[n]

® Inverse DTFT

® Rectangular window 3 00 . 1 T . .

@ Dirichlet Kernel + H(ejw) p— Z—OO h[n]e_jwn @ h[n] — 2— f H(@jw)ejwndw
® Window relationships T -

® Common Windows

A — If we know H (e’“) exactly, the IDTFT gives the ideal h[n]
® Example Design

o Fegsre) sandiie Example: Ideal Lowpass filter

® Summary

® MATLAB routines

1 |w| < wo

H(elw) = o  hln] = sinwon
ENI= g o] > w; n] = =5
05 (2%,
0 2 0 2 0

27T

Note: Width in w is 2wq, width in n is oo

' DSP and Digital Filters (2017-10159) Windows: 6 —2 /11



-1

6: Window Filter Design

Inverse DTFT

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

For any BIBO stable filter, H (e/“) is the DTFT of h[n]
H(e) = Y5 hlnlen & hfn] = & [7, H(e#)endu

If we know H (e’*) exactly, the IDTFT gives the ideal h[n]

Example: Ideal Lowpass filter

. 1 < :
H(ij) _ |UJ‘ > Wo PN h[n] _ 311171_2071
0 |Cd| > Wy
20,
T 05 SR
= 0 2 0

Note: Width in w is 2wg, width in n is 3_7;: product is 47 always

' DSP and Digital Filters (2017-10159) Windows: 6 —2 /11



-1

6: Window Filter Design

Inverse DTFT

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

For any BIBO stable filter, H (e/“) is the DTFT of h[n]
H(e) = Y5 hlnlen & hfn] = & [7, H(e#)endu

If we know H (e’*) exactly, the IDTFT gives the ideal h[n]

Example: Ideal Lowpass filter

. 1 < :
H(ij) _ |UJ‘ > Wo PN h[n] _ 311171_2071
0 |Cd| > Wy
20,
T 05 SR
= 0 2 0

Note: Width in w is 2wg, width in n is 3_7;: product is 47 always
Sadly h|n] is infinite and non-causal.

: DSP and Digital Filters (2017-10159)

Windows: 6 —2 /11 '



-1

6: Window Filter Design

Inverse DTFT

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

For any BIBO stable filter, H (e/“) is the DTFT of h[n]
H(e) = Y5 hlnlen & hfn] = & [7, H(e#)endu

If we know H (e’*) exactly, the IDTFT gives the ideal h[n]

Example: Ideal Lowpass filter

: 1l |w <w .
H(ij) — | ‘ — 0 @ h[n] — Slnﬁu;bon
0 |Cd| > Wo
1 21w
2000
T 05 < >
0 2 0 2 0
Note: Width in w is 2wg, width in n |s - product is 47 always

Sadly h|n] is infinite and non-causal. Solutlon multiply h[n] by a window

' DSP and Digital Filters (2017-10159) Windows: 6 —2 /11



-1

Rectangular window

6: Window Filter Design

M .
o Iveree DTET Truncate to i7 to make finite

® Rectangular window

@ Dirichlet Kernel +
® Window relationships

® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

oPa

> of? o o o
PN G(L(L 0 <L<Lo 550

: DSP and Digital Filters (2017-10159)

Windows: 6 —3/ 11 '



-1

6: Window Filter Design

Rectangular window

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncate to =22 to make finite; 71 [n] is now of length M + 1

h, [n]
M=14

R I |

: DSP and Digital Filters (2017-10159)

Windows: 6 —3/ 11 '



-1

6: Window Filter Design

Rectangular window

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncate to =22 to make finite; 71 [n] is now of length M + 1

MSE Optimality:
Define mean square error (MSE) in frequency domain

E=2% [T |H(e) — Hy(e')|” duw

h, [n]
M=14

R I |

M=14

: DSP and Digital Filters (2017-10159)

Windows: 6 —3/11 '



-1

6: Window Filter Design

Rectangular window

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncate to =22 to make finite; 71 [n] is now of length M + 1

MSE Optimality:
Define mean square error (MSE) in frequency domain

E=3-[" |H(ev) Hl(ej“)fdw
2
T e - sy e
hl[n] OOO 1//—\
M=14 M=14
T o5
00000000 Q Q 00000000
BISIEI I S E—
0

: DSP and Digital Filters (2017-10159)

Windows: 6 —3/11 '



-1

6: Window Filter Design

Rectangular window

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncate to =22 to make finite; 71 [n] is now of length M + 1

MSE Optimality:
Define mean square error (MSE) in frequency domain

E=3-[" |H(ev) Hl(ej“)fdw
. 2
T e - sy e
Minimum FE is when hq[n] = h[n]
hl[n] OOO 1//—\
M=14 M=14
T o5
ecoceseel 2 Q __Tecesesce
W0 N T
w

: DSP and Digital Filters (2017-10159)

Windows: 6 —3/11 '



-1

6: Window Filter Design

Rectangular window

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncate to =22 to make finite; 71 [n] is now of length M + 1

MSE Optimality:

Define mean square error (MSE) in frequency domain
N2

Hl(ejw)’ dw

H(e™) ~ Y%,
= h[n]

E—_

Minimum E is when hq[n]
Proof: From Parseval: £ = > 2, |h[n]
2

h, [n]
M=14

R}

T H(e)

N |

hi[n]e=24"

N\

L~
lez\

— h[n]? + s e (Bl

: DSP and Digital Filters (2017-10159)

Windows: 6 —3/11 '



-1

6: Window Filter Design

Rectangular window

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncate to =22 to make finite; 71 [n] is now of length M + 1

MSE Optimality:

Define mean square error (MSE) in frequency domain
N2

Hl(ejw)’ dw

H(e™) ~ Y%,
= h[n]

E—_

Minimum E is when hq[n]

—Tr

T H(e)

hi[n]e=24"

M
Proof: From Parseval: £ = ) 2, |h[n] —
Z

h, [n]
M=14

R}

Q
(o) ko]

N |

N\

Pan]|” + 3 s e

However: 9% overshoot at a discontinuity even for large n.

L~
lez\

hn]|”

: DSP and Digital Filters (2017-10159)

Windows: 6 —3/11 '



-1

6: Window Filter Design

Rectangular window

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncate to =22 to make finite; 71 [n] is now of length M + 1

MSE Optimality:

Define mean square error (MSE) in frequency domain

E—_

Minimum E is when hq[n]

—Tr

T H(e)

H(e*) —

Hl(ej“)fdw
Z 2
= h[n]

hi[n]e=24"

M
Proof: From Parseval: £ = ) 2, |h[n] —
Z

2
dw

Pa[n]l* + 32 5z (R[]

However: 9% overshoot at a discontinuity even for large n.

h, [n]
M=14

R}

Q
(o) ko]

N |

<X
M:y\

=28

: DSP and Digital Filters (2017-10159)

Windows: 6 —3/11 '



-1

6: Window Filter Design

Rectangular window

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncate to =22 to make finite; 71 [n] is now of length M + 1

MSE Optimality:

Define mean square error (MSE) in frequency domain

E—_

Minimum E is when hq[n]

—Tr

{H 3%

Hl(ej“)fdw
pa e

= h[n]

M
Proof: From Parseval: £ = ) 2, |h[n] —
Z

2
dw

Pa[n]l* + 32 5z (R[]

However: 9% overshoot at a discontinuity even for large n.

h,n]
M=14

Q
(o) ko]

B

ra's)
1o =28
M:y\
T o5

1 2 3
w

Normal to delay by & to make causal. Multiplies H (e?*) by e~ T

: DSP and Digital Filters (2017-10159)

Windows: 6 —3/ 11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n|

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n

&> Circular Convolution Hyy 1 (%)

1
27

|

[@W%
m|§
VAN

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n

&> Circular Convolution Hyy 1 (%)

: M :
W(er) = 38, e

1
27

|

[@W%
m|§
VAN

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n

W (') =

& Circular Convolution Hpyy1(e7¥) = 5= H(e?¥) @ W (e?

22

e~ Jwn () 14+ 22

M cos (nw)

]

O_m M
— 5 <n &
?)

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n

& Circular Convolution Hpyy1(e7¥) = 5= H(e?¥) @ W (e?

W(e®) =7, e 3nd 1 1 2503 s ()

Proof: (i) 6_3‘*’(_”) + eI = 2 cos (nw)

]

O_m M
— 5 <n &
?)

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| = 0_2 <y,

& Circular Convolution HMH(ejw) = - H(ed%) ® W (e?

Proof: (i) 6_9‘*’(_”) — 6_3“(+”> = 2 cos (nw)

nw)=

M
2

)

g IA

(i) sin0.5(M+1)w
sin 0.5w

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel +

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| = 0_2 <y,
& Circular Convolution Hpy41(e7%) = 5= H (e“) ® W (e’

M
2

)

g IA

(ejw) Z 2 —]wn (i) 1 4 22 COS( W)@ sin 0.5(M+1)w

sin 0.5w

Proof: (i) e 7« (= n) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

' DSP and Digital Filters (2017-10159) Windows: 6 —4 /11



-1

6: Window Filter Design

Dirichlet Kernel +

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| = 0_2 <y,
& Circular Convolution Hpy41(e7%) = 5= H (e“) ® W (e’

M
2

)

g IA

(ejw) Z 2 —]wn (i) 1 4 22 COS( w)@ sin 0.5(M+1)w

sin 0.5w

Proof: (i) e 7« (= n) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

Effect. convolve ideal freq response with Dirichlet kernel (aliassed sinc)

' DSP and Digital Filters (2017-10159) Windows: 6 —4 /11



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| = 0_2 <y,
= H(el) ® W (e?

W(e) =

< Circular Convolution HMH(ejw) —

M
2

)

g IA

e~ Jwn (1) 14+ 22

(ii) sin 0.5(M+1)w
nw)=
sin 0.5w

Proof: (i) e 9“’( ”) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

Effect. convolve ideal freq response with Dirichlet kernel (aliassed sinc)

1

0.5

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| = 0_M <y,
= H(el) ® W (e?

W(e) =

e~ Jwn (1) 14+ 22

& Circular Convolution H ;4 1(e/%) =

M cos (n

M
2

)

g IA

(ii) sin 0.5(M+1)w
nw)=
sin 0.5w

Proof: (i) e 9“’( ”) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

Effect. convolve ideal freq response with Dirichlet kernel (aliassed sinc)

1

0.5

1

0.5

4TY(M+1)

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| = 0_M <y,
= H(el) ® W (e?

W(e) = W)=

e~ Jwn (1) 14+ 22

& Circular Convolution H ;4 1(e/%) =

M cos (n

M
2

)

g IA

(i) sin0.5(M+1)w

sin 0.5w

Proof: (i) e 9“’( ”) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

Effect. convolve ideal freq response with Dirichlet kernel (aliassed sinc)

1

0.5

1

0.5

4TU(M+1)

1

0.5

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| = 0_M <y,
= H(el) ® W (e?

W(e) = W)=

e~ Jwn (1) 14+ 22

& Circular Convolution H ;4 1(e/%) =

M cos (n

M
2

)

g IA

(i) sin0.5(M+1)w

sin 0.5w

Proof: (i) e 9“’( ”) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

Effect. convolve ideal freq response with Dirichlet kernel (aliassed sinc)

1

0.5

1

0.5

4TY(M+1)

1

0.5

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| = 0_M <y,
= H(el) ® W (e?

W(e) =

& Circular Convolution H ;4 1(e/%) =

e=iwnl 1 42 Z M cos (n

M
2

)

g IA

(i) sin0.5(M+1)w
w) sin 0.5w

Proof: (i) e 9“’( ”) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

Effect. convolve ideal freq response with Dirichlet kernel (aliassed sinc)

1

0.5

1

1

05 4TY(M+1) 0.5
O 0
2 0 2 -2 0 2
M+1
. 47
Passband ripple: Aw ~ T

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| = 0_M <y,
= H(el) ® W (e?

W(e) =

& Circular Convolution H ;4 1(e/%) =

e=iwnl 1 42 Z M cos (n

M
2

)

g IA

(i) sin0.5(M+1)w
w) sin 0.5w

Proof: (i) e 9“’( ”) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

Effect. convolve ideal freq response with Dirichlet kernel (aliassed sinc)

1

0.5

1

05 4TU(M+1)

M—l—l

Passband ripple: Aw ~

1

0.5

Al
M+1

27
M+1

stopband

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| =
21 H(ejw)

W(e) =

& Circular Convolution H ;4 1(e/%) =

5
® W (el

M M
— 5 SN
w

)

_]wn (i) 1 4 22 COS( w)@ sin 0. 5(M—|—1)w

sin 0.5w

Proof: (i) e 9“’( ”) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

Effect. convolve ideal freq response with Dirichlet kernel (aliassed sinc)

1

0.5

1 1

05 ATi(M+1) 05

O 0
2 0 2 2

Provided tha M+1

Passband ripple: Aw A~ 4T

M+41"

Transition pk-to-pk: Aw ~ 1\2111

: DSP and Digital Filters (2017-10159)

Windows: 6 —4 /11 '



-1

6: Window Filter Design

Dirichlet Kernel

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Truncation < Multiply h|n] by a rectangular window, w|n]| =

W(e) =

d_
& Circular Convolution Hpy41(e7%) = 5= H (e“) ® W (e’

M M
— 5 SN
w

)

_]wn (i) 1 4 22 COS( w)@ sin 0. 5(M—|—1)w

sin 0.5w

Proof: (i) e 9“’( ”) + 779 n) = 2 cos (nw) (ii) Sum geom. progression

Effect. convolve ideal freq response with Dirichlet kernel (aliassed sinc)

1

0.5

1 1
05 ATi(M+1) 05
O 0
2 0 2 2 0 2
) )

Provided tha

M+1
. A
Passband ripple: Aw ~ AT +1
Transition pk-to-pk: Aw ~ 1\2111
Transition Gradient: % ~ ML
i w=wo 27
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Window relationships

When you multiply an impulse response by a window M + 1 long

HM+1(€jw) = %H(ij) &) W(ij)
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Window relationships

When you multiply an impulse response by a window M + 1 long

Hypi1(6) = g H(e) @ W ()
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Window relationships

When you multiply an impulse response by a window M + 1 long
Hyr11(e7) = 5 H(e/) ® W(e'¥)

! 20} M=20 1 AN
10
T 05 z 7 05
0
0
0
2 0 2 2 0 2 2 0 2
w w w
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Window relationships

When you multiply an impulse response by a window M + 1 long
Hyr11(e7) = 5 H(e/) ® W(e'¥)

1 20} M=20

10
T 0.5} =

0

0

2 0 2 2 0 2
w w
[0] 0.5

(a) passband gain ~ w[0]; peak~ —

2

_|_

27

1 /\V/\V/\
T 05
0
2 0 2
w
Jw
mainlobe W(G )dw
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Window relationships

When you multiply an impulse response by a window M + 1 long
Hyr11(e7) = 5 H(e/) ® W(e'¥)

! 20} M=20 1 AN
I 05 = 10 T 05
0
0 0
-2 0 2 -2 0 2 -2 0 2
band s~ 0l ks w(0] 0.5 W Jw d
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Window relationships

When you multiply an impulse response by a window M + 1 long
(%) ® W(e?®)

Hpyq1(e7%)

1

27T

(a) passband gain ~ w[0]; peak~ —

-2 0 2

w

20

10

0
W

(0]

0.5

2

_|_

27

1 /\V/\V/\
T 05
0
2 0 2
w
Jw
mainlobe W(G )dw

rectangular window: passband gain = 1; peak gain = 1.09

(b) transition bandwidth, Aw = width of the main lobe

transition amplitude, A H = integral of main lobe—=-27
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Window relationships

When you multiply an impulse response by a window M + 1 long
Hyr11(e7) = 5 H(e/) ® W(e'¥)

oo ' 20} M=20 1 AN
I 05 = 10 T 05
0
0 0
-2 0 2 -2 0 2 -2 0 2
band s~ 0l ks w(0] 0.5 W Jw d
(a) passband gain ~ w|U|; peak~ —= + 5= | . 1be e w

rectangular window: passband gain = 1; peak gain = 1.09

(b) transition bandwidth, Aw = width of the main lobe
transition amplitude, A H = integral of main lobe—=-27
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Window relationships

When you multiply an impulse response by a window M + 1 long
Hyr11(e7) = 5 H(e/) ® W(e'¥)

oo ' 20} M=20 1 AN
I 0.5f = 10 T 05
0
0 0
-2 0 2 -2 0 2 -2 0 2
band s~ 0l ks w(0] 0.5 W Jw d
(a) passband gain ~ w|U|; peak~ —= + 5= | . 1be e w

rectangular window: passband gain = 1; peak gain = 1.09

(b) transition bandwidth, Aw = width of the main lobe
transition amplitude, A H = integral of main lobe—=-27

rectangular window: Aw = J\?ZTH’ AH ~ 1.18

(c) stopband gain is an integral over oscillating sidelobes of TV (e/)
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Window relationships

When you multiply an impulse response by a window M + 1 long

Hypi1(6) = g H(e) @ W ()

T 0.5} =

-2 0 2
W

(a) passband gain ~ w|0]; peak~ w0

20

10

0

M=20

1 /\V/\V/\
T 05
0
0 2
w
Jw
mainlobe W(G )dw

rectangular window: passband gain = 1; peak gain = 1.09

(b) transition bandwidth, Aw = width of the main lobe
transition amplitude, AH =
rectangular window: Aw =

integral of main lobe—+-27
~ 1.18

(c) stopband gain is an integral over oscillating sidelobes of W (e’ )
rect window: ’mmH (e7¥) ’ = 0.09 <« ’mmW (e7¥) ’ = +
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Window relationships

When you multiply an impulse response by a window M + 1 long

Hypi1(6) = g H(e) @ W ()

T 0.5} =

-2 0 2
W

(a) passband gain ~ w|0]; peak~ w0

20

10

0

M=20

0
W

1 /\V/\V/\
T 05
0
0 2
w
Jw
mainlobe W(G )dw

rectangular window: passband gain = 1; peak gain = 1.09

(b) transition bandwidth, Aw = width of the main lobe
transition amplitude, A H = integral of main lobe—=-27
rectangular window: Aw =

47
M+1°

AH ~ 1.18

(c) stopband gain is an integral over oscillating sidelobes of W(ej“’)
rect window: ’min H(ejw)] — 0.09 <« ]min W(ej“)] _ M+1

1.57

(d) features narrower than the main lobe will be broadened and

attenuated
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Rectangular: w(n| =1

don’t use
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Ci. = COS
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K

W (dB)

W (dB)

-50

6.27/(M+1) -13dB

0

1 2 3
®

0 12.56/(M+1)
-31dB
o
/N

0

: DSP and Digital Filters (2017-10159)

Windows: 6 —6/11 '



-1

6: Window Filter Design

Common Windows

® Inverse DTFT

® Rectangular window
@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling
® Summary

® MATLAB routines
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don’t use
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Ci = COS M1

rapid sidelobe decay
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Rectangular: w(n| =1
don’t use

Hanning: 0.5 + 0.5¢;

- 2wkn
Cr — COS M1

rapid sidelobe decay

Hamming: 0.54 + 0.46¢;

[0.0000000000000000) 0\ 6.27/(M+1) -13dB

W (dB)

-50

1 2 3
0 w

0 +
Han o779 \12.56/(M 1) lds
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Rectangular: w(n| =1
don’t use

Hanning: 0.5 + 0.5¢;

- 2wkn
Cr — COS M1

rapid sidelobe decay

Hamming: 0.54 + 0.46¢;
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)
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Rectangular: w(n| =1
don’t use

Hanning: 0.5 + 0.5¢;

- 2wkn
Cr — COS M1

rapid sidelobe decay

Hamming: 0.54 + 0.46¢;
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Blackman-Harris 3-term:
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Rectangular: w(n| =1
don’t use

Hanning: 0.5 + 0.5¢;
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Cr — COS M1
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Hamming: 0.54 + 0.46¢;
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Blackman-Harris 3-term:
0.42 -+ 0.561 = 0.0862
best peak sidelobe

W (dB)

W (dB)

-50

W (dB)

W (dB)

6.27/(M+1) -13 dB

o

1 2 3
®

0 \ 12.56/(M+1)

: DSP and Digital Filters (2017-10159)

Windows: 6 —6/11 '



-1

6: Window Filter Design

Common Windows

® Inverse DTFT

® Rectangular window

@ Dirichlet Kernel

® Window relationships
® Common Windows

® Order Estimation

® Example Design

® Frequency sampling

® Summary

® MATLAB routines

Rectangular: w(n| =1
don’t use

Hanning: 0.5 + 0.5¢;

- 2wkn
Cr — COS M1

rapid sidelobe decay

Hamming: 0.54 + 0.46¢;
best peak sidelobe

Blackman-Harris 3-term:
0.42 -+ 0.561 = 0.0862
best peak sidelobe

=
Io(B)

[ controls width v sidelobes

Kaiser:

W (dB)

W (dB)

W (dB)
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W (dB)
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-13 dB

\ (5 27/(M+1).

o
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®
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70 dB
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Rectangular: w(n| =1
don’t use

Hanning: 0.5 + 0.5¢;

- 2wkn
Cr — COS M1

rapid sidelobe decay

Hamming: 0.54 + 0.46¢;
best peak sidelobe

Blackman-Harris 3-term:
0.42 -+ 0.561 = 0.0862
best peak sidelobe

=
Io(B)

[ controls width v sidelobes
Good compromise:
Width v sidelobe v decay

Kaiser:
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter

1+6

[H(")|

&

0

1
1-6 T

0
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter
1+6
Estimated order is 1 51:”,,
~ —5.6—4.3log,,(d¢)
M ~ w2 —w1 H(®
[H(e")
g
0

0
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter
1+6
Estimated order is 1 51:”
Af ~ —5:-6=4.3log,,(5¢) ., —8—20logg¢ O F
Wo —w1q 2.2Aw \H(e®)|
g
0
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter

Estimated order is

I

wo —w1 2.2Aw
Required M increases as either the

transition width, wo — wq, or the gain
tolerances 0 and € get smaller.

1+6
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter

Estimated order is

I

wo —w1 2.2Aw

Required M increases as either the
transition width, wo — wq, or the gain
tolerances 0 and € get smaller.

Example:

Transition band: f; = 1.8 kHz, fo = 2.0 kHz, fs = 12 kHz,.

[H(")|

1+5 L
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&
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter

Estimated order is

wo —w1 2.2Aw

Required M increases as either the
transition width, wo — wq, or the gain
tolerances 0 and € get smaller.

Example:

Transition band: f; = 1.8 kHz, fo = 2.0 kHz, fs = 12 kHz,.
= 1.047

Wy = % — 0.943, wy =

[H(")|

27 fo
fs

1+5 L
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter
1+é‘

Estimated order is 1 51:”,
Af ~ —5:-6=4.3log,,(5¢) ., —8—20logg¢ O F

W2 —w1 2.2Aw [H(®)|
Required M increases as either the .
transition width, wo — wq, or the gain 0
tolerances 0 and € get smaller. 0

Example:

Transition band: f; = 1.8 kHz, fo = 2.0 kHz, fs = 12 kHz,.

wy = 20— 0.943, wy = &2 — 1.047

S fS

Ripple: 201log;, (1 + ) = 0.1 dB, 20log;, € = —35 dB
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter
1+é‘

Estimated order is 1 51:”,
Af ~ —5:-6=4.3log,,(5¢) ., —8—20logg¢ O F

W2 —w1 2.2Aw [H(®)|
Required M increases as either the .
transition width, wo — wq, or the gain 0
tolerances 0 and € get smaller. 0 “

Example:

Transition band: f; = 1.8 kHz, fo = 2.0 kHz, fs = 12 kHz,.

Wy = ﬂ — 0.943, wy = 27;;;’"2 — 1.047

Ripple: 201log;, (1 + ) = 0.1 dB, 20log;, € = —35 dB

§=10% —1 =0.0116, ¢ = 1030 = 0.0178
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter

1+5
Estimated order is 1 51:”
A ~ —5:6-4.3log;4(d) , —8-20log;g¢ |
W2 —w1 2.2Aw [H(®)|
Required M increases as either the .
transition width, wo — wq, or the gain 0
tolerances 0 and € get smaller. 0

Example:

Transition band: f; = 1.8 kHz, fo = 2.0 kHz, fs = 12 kHz,.

wy = 20— 0.943, wy = &2 — 1.047

S fS

Ripple: 201log;, (1 + ) = 0.1 dB, 20log;, € = —35 dB
§=10% —1 =0.0116, ¢ = 1030 = 0.0178

—5.6—4.3log;((2x107%) 1995
1.047—0.943 ~ 0.105

M ~ = 98
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter
1 +é‘ / _

Estimated order is 1 51:”,
Af ~ —5:-6=4.3log,,(5¢) ., —8—20logg¢ O F

w2 —wi 2.2Aw |H(®)] |
Required M increases as either the .
transition width, wo — wq, or the gain 0 |
tolerances ¢ and e get smaller. 0 o

Example:
Transition band: f; = 1.8 kHz, fo = 2.0 kHz, fs = 12 kHz,.

Wy = ﬂ — 0.943, wy = 27;;;’"2 — 1.047

Ripple: 201log;, (1 + ) = 0.1 dB, 20log;, € = —35 dB
§=10% —1 =0.0116, ¢ = 1030 = 0.0178

—5.6—4.3log;((2x107%)
1.047—0.943

_10.25 __ 08

35—8
= 5450 = or 117

M ~ 2200
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Several formulae estimate the required order of a filter, M.

E.g. for lowpass filter
1 +é‘ / _

Estimated order is 1 51:”,
Af ~ —5:-6=4.3log,,(5¢) ., —8—20logg¢ O F

w2 —wi 2.2Aw |H(®)] |
Required M increases as either the .
transition width, wo — wq, or the gain 0 |
tolerances ¢ and e get smaller. 0 o

Only approximate.

Example:
Transition band: f; = 1.8 kHz, fo = 2.0 kHz, fs = 12 kHz,.

Wy = ﬂ — 0.943, wy = 27;;;’"2 — 1.047

Ripple: 201log;, (1 + ) = 0.1 dB, 20log;, € = —35 dB
§=10% —1 =0.0116, ¢ = 1030 = 0.0178

—5.6—4.3log;((2x107%)
1.047—0.943

M =~

1025 __ 358 _
= 9.i05 = 99 of 55, = 117
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diric(x,n) Dirichlet kernel; Sn.Y.0nz
sin 0.5x
hanning Window functions
hamming (Note "periodic’ option)
kaiser
kaiserord Estimate required filter order and 3
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