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where P(z) is a polynomial of order .
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= P(cosw)
where P(z) is a polynomial of order .
% = —P’(cosw) sinw

= 0atw = 0, 7 and at most &£ — 1 zeros of polynomial P’ ().

.". With two bands, we have at most % + 3 maximal error frequencies.

We require % + 2 of alternating signs for the optimal fit.
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® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

Maximal error locations occur either at band
edges or when ‘fl—f =0

H(w) = hl0] + 2 21% h|n| cos nw
= P(cosw)

M

where P () is a polynomial of order =-.

i — _P'(cosw) sinw

= 0atw = 0, 7 and at most &£ — 1 zeros of polynomial P’ ().

.". With two bands, we have at most % + 3 maximal error frequencies.

We require % + 2 of alternating signs for the optimal fit.

Only three possibilities exist (try them all):

(a) w = 0 + two band edges + all(% — 1) zeros of P'(x).
(b) w = 7 + two band edges + all(% — 1) zeros of P'(x).
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® FIR Pros and Cons

® Summary

® MATLAB routines

Maximal error locations occur either at band

edges or when ‘fl—H =0
w

H(w) = hl0] + 2 21% h|n| cos nw
= P(cosw)

M

where P () is a polynomial of order =-.

i — _P'(cosw) sinw

= 0atw = 0, 7 and at most &£ — 1 zeros of polynomial P’ ().

.". With two bands, we have at most % + 3 maximal error frequencies.
We require % + 2 of alternating signs for the optimal fit.

Only three possibilities exist (try them all):

(a) w = 0 + two band edges + all(% — ) zeros of P'(x).
(b) w = 7 + two band edges + all(% — ) zeros of P'(x).
(c) w = {0 and 7} + two band edges + (& — 2) zeros of P’(x).

: DSP and Digital Filters (2017-10122)
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® Remez Exchange
Algorithm

® Determine Polynomial
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® MATLAB routines

1. Guess the positions of the % + 2 maximal error frequencies and give
alternating signs to the errors (e.g. choose evenly spaced w).
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Remez Exchange Algorithm

® Optimal Filters
® Alternation Theorem
® Chebyshev Polynomials

® Maximal Error Locations
® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

1. Guess the positions of the % + 2 maximal error frequencies and give
alternating signs to the errors (e.g. choose evenly spaced w).

2. Determine the error magnitude, €, and the % + 1 coefficients of
the polynomial that passes through the maximal error locations.

s M=4 |
15 \ Iteration 1
1 .
0 L
05} \/‘
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7: Optimal FIR filters
® Optimal Filters

1. Guess the positions of the % + 2 maximal error frequencies and give

® Alternation Theorem alternating signs to the errors (e.g. choose evenly spaced w).

® Chebyshev Polynomials

® Maximal Error Locations . . M 1 g

® Remez Exchange 2. Determine the error magnitude, ¢, and the <~ + 1 coefficients of
Algorithm

® Determine Polynomial

® Example Design

°Z'R Pros and Cons 3. Find the local mgdma of the error function by evaluating
S e(w) = s(w) (H(w) — d(w)) on a dense set of w.

X M=4 |
15 b\ Iteration 1
1 .

the polynomial that passes through the maximal error locations.

: DSP and Digital Filters (2017-10122)
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® Optimal Filters
® Alternation Theorem
® Chebyshev Polynomials

® Maximal Error Locations
® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

1. Guess the positions of the % + 2 maximal error frequencies and give
alternating signs to the errors (e.g. choose evenly spaced w).

2. Determine the error magnitude, €, and the % + 1 coefficients of
the polynomial that passes through the maximal error locations.

3. Find the local maxima of the error function by evaluating
e(w) = s(w) (H(w) — d(w)) on a dense set of w.

4. Update the maximal error frequencies to be an alternating subset of
the local maxima + band edges + {0 and/or 7 }.

15 b\ Itera’t\illo: ‘1‘ ]
1 \ 1
I |
. N\
0.5 \/
0 0.5 1 1:5 2 2?5 3
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® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

1. Guess the positions of the % + 2 maximal error frequencies and give
alternating signs to the errors (e.g. choose evenly spaced w).

2. Determine the error magnitude, €, and the % + 1 coefficients of
the polynomial that passes through the maximal error locations.

3. Find the local maxima of the error function by evaluating

e(w) = s(w) (H(w) — d(w)) on a dense set of w.

4. Update the maximal error frequencies to be an alternating subset of
the local maxima + band edges + {0 and/or 7 }.
If maximum error is > €, go back to step 2.

15 b\ Itera’t\illo: ‘1‘ ]
1 \ 1
I |
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® Maximal Error Locations
® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

1. Guess the positions of the % + 2 maximal error frequencies and give
alternating signs to the errors (e.g. choose evenly spaced w).

2. Determine the error magnitude, €, and the % + 1 coefficients of
the polynomial that passes through the maximal error locations.

3. Find the local maxima of the error function by evaluating
e(w) = s(w) (H(w) — d(w)) on a dense set of w.

4. Update the maximal error frequencies to be an alternating subset of
the local maxima + band edges + {0 and/or 7 }.
If maximum error is > €, go back to step 2.

15l M=4 | M=4
’ Iteration 1 Iteration 2
1 E
1 E
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® Optimal Filters
® Alternation Theorem
® Chebyshev Polynomials

® Maximal Error Locations
® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

1. Guess the positions of the % + 2 maximal error frequencies and give
alternating signs to the errors (e.g. choose evenly spaced w).

2. Determine the error magnitude, €, and the % + 1 coefficients of
the polynomial that passes through the maximal error locations.

3. Find the local maxima of the error function by evaluating
e(w) = s(w) (H(w) — d(w)) on a dense set of w.

4. Update the maximal error frequencies to be an alternating subset of

the local maxima + band edges + {0 and/or 7 }.

If maximum error is > €, go back to step 2. (typically 15 iterations)

~

M=4 |

Iteration 1

N

\!

M=4

Iteration 2
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1. Guess the positions of the % + 2 maximal error frequencies and give
alternating signs to the errors (e.g. choose evenly spaced w).

2. Determine the error magnitude, €, and the % + 1 coefficients of
the polynomial that passes through the maximal error locations.

3. Find the local maxima of the error function by evaluating

e(w) = s(w) (H(w) — d(w)) on a dense set of w.

4. Update the maximal error frequencies to be an alternating subset of
the local maxima + band edges + {0 and/or 7 }.
If maximum error is > €, go back to step 2. (typically 15 iterations)
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Algorithm
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® Example Design
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® Summary
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1. Guess the positions of the % + 2 maximal error frequencies and give
alternating signs to the errors (e.g. choose evenly spaced w).

2. Determine the error magnitude, €, and the % + 1 coefficients of
the polynomial that passes through the maximal error locations.

3. Find the local maxima of the error function by evaluating

e(w) = s(w) (H(w) — d(w)) on a dense set of w.

4. Update the maximal error frequencies to be an alternating subset of
the local maxima + band edges + {0 and/or 7 }.
If maximum error is > €, go back to step 2. (typically 15 iterations)
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® Optimal Filters
® Alternation Theorem
® Chebyshev Polynomials

® Maximal Error Locations
® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

1. Guess the positions of the % + 2 maximal error frequencies and give
alternating signs to the errors (e.g. choose evenly spaced w).

2. Determine the error magnitude, €, and the % + 1 coefficients of
the polynomial that passes through the maximal error locations.

3. Find the local maxima of the error function by evaluating

e(w) = s(w) (H(w) — d(w)) on a dense set of w.

4. Update the maximal error frequencies to be an alternating subset of
the local maxima + band edges + {0 and/or 7 }.
If maximum error is > €, go back to step 2. (typically 15 iterations)

5. Evaluate H (w) on M + 1 evenly spaced w and do an IDFT to get h[n].

15l M=4 | M= 4 X M= 4
’ Iteration 1 Iteration 2 Iteration 3
1 \ 1 1 \ :
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7: Optimal FIR filters
® Optimal Filters

For each extremal frequency, w; for 1 <1 < % + 2

@ Alternation Theorem

@ Chebyshev Polynomials = ( — 1) @ €
® Maximal Error Locations d(w’l,) — H (w’&) _|_ S (wz)

® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines
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® Optimal Filters

For each extremal frequency, w; for 1 <1 < % + 2

@ Alternation Theorem

® Chebyshev Polynomials d e (_ 1)1 € % (_ 1)z€
® Maximal Error Locations (w’l,) — H(wz) _|_ — h[O] —1_ 2 anl h[n] COS nwz —|—

s(wy) s(wi)
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® Optimal Filters
® Alternation Theorem
® Chebyshev Polynomials

® Maximal Error Locations
® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

For each extremal frequency, w; for 1 <1 < % + 2

d(w;) = Hw;) + S = h[0] + 25,2, hln] cos new; + SL

s(wy) s(wi)

Method 1.
Solve &- + 2 equations in %= + 2 unknowns for h[n] + .
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® Optimal Filters
® Alternation Theorem
® Chebyshev Polynomials

® Maximal Error Locations
® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

For each extremal frequency, w; for 1 <1 < % + 2

— (=D’ _ 3 (—1)%
d(w;) = H(wi) + 7y = hl0] + 2 ) hln] cosnw; + ;25
Method 1.
Solve &- + 2 equations in %= + 2 unknowns for h[n] + .

M
In step 3, evaluate H(w) = h|0] +2> 2 | hn|cos nw;
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® Remez Exchange
Algorithm
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® Example Design
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® Summary

® MATLAB routines

For each extremal frequency, w; for 1 <1 < % + 2

d(w;) = Hw;) + S = h[0] + 25,2, hln] cos new; + SL

s(wy) s(wi)

Method 1: (Computation time oc M?3)
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® Optimal Filters
® Alternation Theorem
® Chebyshev Polynomials

® Maximal Error Locations
® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

For each extremal frequency, w; for 1 <1 < % + 2

d(w;) = Hw;) + S = h[0] + 25,2, hln] cos new; + SL

s(wi)

Method 1: (Computation time oc M?3)
Solve && + 2 equations in %o + 2 unknowns for h[n] + .

In step 3, evaluate H (w) = h|0]

Method 2: Don't calculate h[n] explicitly

Multiply the w; equation by ¢; = []

M
5 12
i=1

1

ci (h[0] +2 SN hin] cosnw +

(1)’
s(wi)

J7% Cos w; —COos wj

):

s(wi)

M
+ 2> .2 | h|n] cos nw;

and add them:

L)
i—1 cid(w;)
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Algorithm
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® Example Design
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® Summary

® MATLAB routines

For each extremal frequency, w; for 1 <1 <

(=1)'e

s(wi)

= hl0] + 25,2

Method 1: (Computation time oc M?3)
Solve && + 2 equations in %o + 2 unknowns for h[n] + .

In step 3, evaluate H (w)

Method 2: Don't calculate h[n] explicitly

Multiply the w; equation by ¢; = [

ci (BlO]+ 2

All terms involving h|n| sum to zero leaving
M
M 9

2+2

i=1

T2 (=D'c

1=1

s(wi)

2

p=l

M
Y42

— hl0]+ 257,

h|n| cos nw; +

h|n| cos nw +

cid(w;)

J7% Cos w; —COos wj

(—1)'e
s(wi)

cid(w;)

h{n| cos nw;

L and add them:
(=D _ % +2

s(ws) i=1
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Method 1: (Computation time oc M?3)
Solve && + 2 equations in %o + 2 unknowns for h[n] + .

In step 3, evaluate H (w)

Method 2: Don't calculate h[n] explicitly

Multiply the w; equation by ¢; = [
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All terms involving h|n| sum to zero leaving
M
M 9

2+2
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1=1
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2
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Y42
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Solve for ¢ then calculate the H (w;)

J7% Cos w; —COos wj
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® Optimal Filters
® Alternation Theorem
® Chebyshev Polynomials

® Maximal Error Locations
® Remez Exchange
Algorithm

® Determine Polynomial
® Example Design

® FIR Pros and Cons

® Summary

® MATLAB routines

For each extremal frequency, w; for 1 <1 <

(=1)'e

s(wi)

= hl0] + 25,2

Method 1: (Computation time oc M?3)
Solve && + 2 equations in %o + 2 unknowns for h[n] + .

In step 3, evaluate H (w)

Method 2: Don't calculate h[n] explicitly

Multiply the w; equation by ¢; = [

ci (BlO]+ 2

All terms involving h|n| sum to zero leaving
M
M 9

2+2

i=1

T2 (=D'c

1=1

s(wi)

2

p=l

M
Y42

— hl0]+ 257,

h|n| cos nw; +

h|n| cos nw +

cid(w;)

J71 COS w; —COS W

(—1)'e
s(wi)

cid(w;)

h{n| cos nw;

L and add them:
(=D _ % +2

s(ws) i=1

Solve for ¢ then calculate the H (w;) then use Lagrange interpolation:

H(w)

= P(cosw) =

1=1

T2 H(w) ]

COS W —COS W

JF1 Ccos w; —Cos w;
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M
Y42

= hl0] + 25,2

For each extremal frequency, w; for 1 <1 <

(—1)'e
s(wi)

(=1)'e

s(wi)

d(w;) = H(w;) + h|n| cos nw; +

Method 1: (Computation time oc M?3)
Solve && + 2 equations in %o + 2 unknowns for h[n] + .

M
=hl0]+2> %21 h

Method 2: Don't calculate h[n] explicitly

In step 3, evaluate H (w) [n] cos nw;

Multiply the w; equation by ¢c; = H#i p— icosw, and add them:
i J
M 19 ' 42
12 i (RI0) + 250, Bln] cos nw + S5 ) = 2 (i)

All terms involving h|n| sum to zero leaving
N (5(17)516 = YA cid(wi)
Solve for ¢ then calculate the H (w;) then use Lagrange interpolation:
H(w) = Peosw) = 27" Hiwi) [, sow=soses

(% + 1)-polynomial going through all the H (w;) [actually order 4]
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M
Y42

= hl0] + 25,2

For each extremal frequency, w; for 1 <1 <

(—1)'e
s(wi)

(=1)'e

s(wi)

d(w;) = H(w;) + h|n| cos nw; +

Method 1: (Computation time oc M?3)
Solve && + 2 equations in %o + 2 unknowns for h[n] + .

M
=hl0]+2> %21 h

Method 2: Don't calculate h[n] explicitly (Computation time oc M ?)

In step 3, evaluate H (w) [n] cos nw;

Multiply the w; equation by ¢; = H#i p— icosw, and add them:
i J
M 19 ' 42
12 i (RI0) + 250, i) cos nw + ST ) = 2 (i)

All terms involving h|n| sum to zero leaving
N (5(17)516 = Y2 cid(wi)
Solve for ¢ then calculate the H (w;) then use Lagrange interpolation:
H(w) = Peosw) = 27" Hwi) [, soe=seses

(% + 1)-polynomial going through all the H (w;) [actually order 4]

: DSP and Digital Filters (2017-10122)
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