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Euler's Equation: € = cos@ + isin6 [see RHB 3.3]

i0 | _—ib . _
Hence: cosf = % — %629 4+ %6—20
ginfh = el—e? _ _1

. 30 1. —i6
5 51€ —|—2ze

0

Most maths becomes simpler if you use €' instead of cos and sin 6

The Complex Fourier Series is the Fourier Series but written using e’

Examples where using € makes things simpler:

Using e®? Using cos @ and sin 6

el(0+9¢) — it pid cos (0 + ¢) = cos B cos ¢ — sin 0 sin ¢

elfeit = ¢i0+9) | cosfcosd = % cos (0 + ¢) + % cos (0 — ¢)

d _i0 _ : if d "
ge’” =1e decose— sin 0
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Fourier Series: u(t) = % + >, (an cos2mnE't + b, sin 2rnF't)

Substitute: cosf = Let? + %e_w and

5 sin@ = —1iet? + %ie_w

2

u(t) =% +5 7 (an (56 + 377) + b, (—5ie” + 2ie™ "))

= 20 + 3  ((5an — 3iby) ™ F1) [0 = 27n F't]
£3°%  ((Lan + Liby) e-i2mFr)
=X U,ei2mnit
where [bo = 0]
r%an %ibn n>1
U, = < %ao n=20 = Uy, = % (a|n| + ib|n|)
500 + 5 1< =1

The U,, are normally complex except for Uy and satisty U,, = U*

Complex Fourier Series: u(t) =>"> __ Upe™ ™" [simpler ©]
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Averaging Complex Exponentials

3: Complex Fourier

- If x(t) has period % for some integer n (i.e. frequency % = nF):

Euler's Equation

(x(t)) £ F [iZo @ (t)dt

Averaging Complex

- Exponsntials This is the average over an integer number of cycles.

Complex Fourier
Analysis

Fourier Series For a complex exponential:

Complex Fourier
Series

Complex Fourier (2™ Ft) = (cos (2mnFt) + isin (2rnFt))

Analysis Example

Time Shifting = (cos (2mnFt)) + ¢ (sin (27nF't))

Even/Odd Symmetry
Antiperiodic = Odd 1 + OZ n = O

Harmonics Only

Symmetry Examples 0 + OZ n # O

Summary

Hence:

2t Ft\ __ 1 n=0
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Complex Fourier Series: u(t) = > 7 e U, et2mnkt

n—=

To find the coefficient, U,,, we multiply by something that makes all the
terms involving the other coefficients average to zero.

<u(t)e_i27mFt> — <Z$O:_OO UreiZW'rFte—ianFt>
— <Z$i_oo UreiQW(r—n)Ft>
D N A CL LD

All terms in the sum are zero, except for the one when n = r which equals
U,:

U, = (u(t)e” 2t [©]

This shows that the Fourier series coefficients are unique: you cannot have
two different sets of coefficients that result in the same function wu(t).

Note the sign of the exponent: “+" in the Fourier Series but “—" for
Fourier Analysis (in order to cancel out the “+4").
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u(t) =2 + > 7, (a, cos 2mnFt + b, sin 2rnFt)

_ o0 12t F't
_ Zn:—oo Une

We can easily convert between the two forms.

Fourier Coefficients — Complex Fourier Coefficients:

Uin —

5 (apn) F ibjn))

U, =U*,]

Complex Fourier Coefficients — Fourier Coefficients:

an = Uy, + U_,, = 2% (U,,)
by =i (U — U_p) = —25 (U,,)

The formula for a,, works even for n = 0.

[R = “real part”]

[S = “imaginary part”]
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[Complex functions of time]

In these lectures, we are assuming that u(t) is a periodic real-valued function of time. In this case we

can represent u(t) using either the Fourier Series or the Complex Fourier Series:

u(t) = 20 4 3%  (ay cos 2enFt + by sin 27nFt) = 3.°0 Uy, ei2mnlt

n=—oo

We have seen that the U,, coefficients are complex-valued and that U,, and U_,, are complex conjugates

so that we can write U_,, = U} .

In fact, the complex Fourier series can also be used when u(t) is a complex-valued function of time
(this is sometimes useful in the fields of communications and signal processing). In this case, it is still
true that u(t) = > 00 Une?™Ft but now U,, and U_,, are completely independent and normally

U_p, # U*. "
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Complex Fourier Analysis Example

3: Complex Fourier
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Euler's Equation

Complex Fourier
Series

T = 20, width W = £, height 4 =8
Method 1:

Averaging Complex _1 -] n a’?’L bn Un
Ex:oangenfiaho P U:l:n —_ §an :F Z§bn 3
Complex Fourier _6 1 6
2“5"}’5;55 ) Method 2: 5 4 I, 4
ourier Series < — = 9 —
mplex urier —1 5%.3 5%.3
g:rie:e Fourie Un — <u(t)€ ’L27T’I’LFt> _4 O
Con‘ip|ex Fouriei- 1 T 5 P
Analysis Example — L —14TMN —4 - 4
Time Shifting T fO 'U/(t)e dt _3 3_71' —|_ ?’3_7-(-
Even/Odd Symmetry 1 W _i2 't . 8
Antiperiodic :I> odd — T fO Ae emn dt —2 Z%
Harmonics Only 4 -4
Symmetry Examples — A |:6—ZQ7T7’LFt:| w - ]- ; _|_ ZE
Summary —12mnFT 0 O 4 2
_ A (1 B €—i27rnFW>
e Ll e x rHiF
__ Ae ' (ezwnFW . 6—17T'nFW) 9 0 16 . —8
i2mn 27 t 27
_ AeTimnEW . =8 8 =4, ;=4
o nm S (TL?TFW) 3 31 3 3 + 2 31
— 8 in (T ot 4 0 0 0
= & sin (25) e 0 0 o
O | 55 B¢ B¢ T 'Bx
6 | 0 &  ig
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oo 12T F't
n—=—oo U’ne

Complex Fourier Series: u(t) = >
If v(t) is the same as u(t) but delayed by a time 7: v(t) = u(t — 7)
u(t) = °F°_ U,e?mFt-m) =y
=% Y ei2mnFt
where V,, = U, e 27nET

Example:
u(t) = 6cos (2 F't)

Fourier: a1 =6, by =0

(Une—zanFT) ezanFt

5
u(t)
0
-5 W

0 0.5 1 15 2

Complex: U:|:1 = %Cl,l + %Zbl =3

v(t) = 6sin (20 Ft) = u(t — 7) ZL/M
Time delay: 7 = %iFT: 5 NS NS

0 0.5 1 15 2

B~ =

iy

Complex: Vi = Uje 2 = —3i
Vo1 =U_1€'2 = +3i

Note: If u(t) is a sine wave, U; equals half the corresponding phasor.
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Even/Odd Symmetry
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Series Proof of (2): u(t) even = U, even

Con‘ip|ex Fouriei' ) T o ( )Ft

Analysis Example S —127T(—N

Time Shifting U_n T fo u(t) € dt
Even/Odd 1 =T

Symmetry — T 0 U(-:IS)G_ZanFx(—d:U)
Antiperiodic = Odd O_
Harmonics Only 1 —12mnFx
Symmetry Examples — T Jr=—T U(—x)e dl‘
S
i — 1 0 u(x)e—i%rnF:cdx — U
T Jx=-T — Un

Proof of (3): u(t) odd = U, odd
Same as before, except for the last line:

O o
=5 [ —u(z)e 2™y = U,

1) u(t)

2) u(t) even [u(t) =u(—-t)] <« U, even[U, =U_,)]

3) u(t) odd [u(t) = —u(—-t)] < U, odd[U, =-U_,]
t

(2 ) real & even < U, real & even [U,, =U*,, = U_,)]
(3) u(t) real & odd <« U, imaginary & odd [U,, =U*, = —-U_,)]

[substitute z = —{]

[reverse the limits]

leven: u(—z) = u(x)]

lodd: u(—x) = —u(x)]
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A waveform, u(t), is anti-periodic if u(t + 37) = —u(t).
If u(t) is anti-periodic then U,, = 0 for n even.

Proof:
Define v(t) = u(t + %), then

(1) v(t) = —u(t) =V, = -U,
(2) v(t) equals u(t) but delayed by —Z

2
V= U, ei2mF g — [ ginT — U, neven
—U,, nodd
Hence for n even: V,, = -U, =U, = U, =0
Example:

Uos.s = [0, 3+ 24, 0, 4, 0, 1] U[0:5]=[0, 3+2j, 0, }, 0, 1]
Odd harmonics only < 5| /J /‘”
Second half of each period is the g V“\\/“v v“\'\/\v o
negative of the first half. ! !

-1 -0.5 0 0.5 1
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All these examples assume that u(t) is real-valued < U_,, = UZ,,.
u[0:2J=[0, 2, -1]

(1) Even u(t) < real U,
Uz = [0, 2, —1]

(2) Odd u(t) < imaginary U,
Ups = [0, —2i, 4, i]

(3) Anti-periodic u(t)
< odd harmonics only

U();l = [O, —i]

(4) Even harmonics only
& period is really 27

UO:4 — [27 07 27 07 1]

S AN oN

1 05 0 05 1
U[0:3]=[0, -2j, j, ]]

INC AN A

AVAERV,

-1 -0.5 0 0.5 1
U[0:1]=[0, -]]

O N D O

-1 -0.5 0 0.5 1

U[0:4]=[2, 0, 2, 0, 1]
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Summary
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Fourier Series:
u(t) =9 + > (a, cos2ninFt + by, sin 2rnF't)

2
Complex Fourier Series: u(t) = Z;O:_OO U, et2mnEt
0 Un — <’U,(t)€_i27rnFt> é % OT u(t)e—i27rnFtdt

o Since u(t) is real-valued, U,, = U*
o FS—CFS: Uyp = 3aj, F isbyy
o CFS—FS:a,=U, +U_,
b, =1 (U, —U_,)
u(t) real and even < u(—t) = u(t)
< U, is real-valued and even < b,, = 0Vn

u(t) real and odd < u(—t) = —u(t)
< U, is purely imaginary and odd < a,, = 0Vn

u(t) anti-periodic < u(t + ) = —ul(t)
< odd harmonics only < ag,, = by, = Us,, = 0Vn

For further details see RHB 12.3 and 12.7.
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