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E1.10 Fourier Series and Transforms
Problem Sheet 1 - Solutions
1. Zizl 3"=3x % =3 x %‘212 =3 x 121 = 363. In the expression 3 X %, the “5” is the number
of terms in the sum and the “3x” is the first term (when r = 1).

17m20

Tz where

2. (a) Each term is multiplied by a factor of 2%, so the standard formula gives 322 x

220 = (x2)10 since there are 10 terms.
(b) Each term is multiplied by a factor ~! and, treating 2° = 1, the first term equals 2, so the sum

R g1t

is 2 X 1_”;_1 . .
+

(c) Each term is multiplied by zy and the first term is y =2 so the sum is y =2 x I-(@y) 7

1—zy
(d) Each term is multiplied by —1 and the first term is —1° = 1 so the sum is

1-(-1) 2 0 Rodd

1— ()™ 14 {1 R even
3. The substitution r = m + 1 < m = r — 1. So, making the substitution in both the limits and

summand gives
4

5 4 1_35
ro__ m+1 __ mo__
;3_23 =3> 3 =3x T

m=0 m=0

So the answer is 363 as in question 1.

4. Each term is multiplied by e’ and the first of the 2N + 1 terms is e 7" so the sum is

jw(2N+1) e—ij _ ejw(N-i—l)

1—ew 1—eiw

A very common trick when an expression includes the sum or difference of two exponentials is to take
out a factor whose exponent is the average of the two original exponents; in this case the average
exponent is j0.5w in the denominator and also in the numerator since M = j0.5w. This
gives

05w (e*j“’(N*Oﬁ) — ej“’(N“)'E’)) e~ Jw(N+0.5) _ gjw(N+0.5) ~ —2jsin((N 4 0.5)w)  sin((N +0.5)w)

eJ0-5w (g=70-5w — ¢70.5w) e70:5w — j0.5w —278in 0.5w sin 0.5w

5. Each term is multiplied by eI27R™" and the first term is e® = 1 so the sum formula gives

. —1 .
1— 6]27rRR 1— e]27r 0

1 _ ei2nR T ] _ 2Rt | _ gjemR 1 0.

However, when R = 1, the denominator is zero so the formula is invalid; in this case there is only
one term in the summation and it equals €/27*1 = 1. So the answer is 0 for all values of R except
R =1 when the answer is 1. We can write this compactly as

1 R=1
MRH{O R>1

where the function §[n] is the “Kroneker Delta function” and equals 1 if and only if its integer
argument equals zero.

6. The summand in this question is “separable” because it can be expressed as the product of two factors
that depend on m and n respectively. So we can write

N M N M _
m—n “n m 1—g= N+ 1 M 222 (ac (N+1) _ 1) (1 — mM)
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7. (a)The period is 27, so we calculate the average by integrating over one period and dividing by the
eriod: (z(t)) = 5= 0% sintdt = 5= [~ cost]s” = 0.
(b) The period is now m, so we calculate the average as: (|z(t)|) = £ [ [sint|dt = L [ sintdt =
L= cost]y = 2.
(c) The period is still 7:
1 (" 1 /™1 1 (" 1 1 T
(z%(t)) = f/ sin®tdt = f/ —(1—cos2t) dt = — (1 —cos2t) dt = — [t— —sin2t| = T
™ Jo ™ Jo 2 2T 0 2 2 0 2T
An easier way of getting this answer is to write
1 1 1
(sin®t) = 3 ((1) — (cos 2t)) = B (1-0)= 7
8. (a)
2 Lty Lo
(B3 (t)_yy = 2/, Pdt =S [t =1
and
(P2(1), =+ gt = L ] =1
1 1,11 — 9 . 2 -1 :
Finally

POy =% [ RS B <o

(b) The analysis is slightly easier if you do it in the right order.

1
(PL(t)Pa(t)_1,0) = \/g/ at® + bt? + ct dt = V3 +—=—+ =—=0
) 2 /., 4 3" 2

2 V3

att bt CtT b
1
so b=0. Now

1 [at? a
tP+edt==|—+ct|==4c=0
at” +c 2[3 +c] 3—|—c

1
—1

PO 1= [

so a = —3c. Finally

2 [t c? [otd 1 9 4
P2 —_ t4— t2 1 — 7_23 — 2 7_2 1 :72:1
( 2(t)>[71’1] 5 /,19 6t7 + 1dt 5 [5 4+t » -2+ £C

from which ¢ = :I:é. So the polynomial is Pa(t) = %2 (3t> — 1).
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