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Fundamental Period: the smallest 7" > 0 for which u(t + T') = u(?).
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Both types of spectrum are conjugate symmetric.
If u(t) is periodic, its Fourier transform consists of Dirac ¢ functions

with amplitudes {U,, }.
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Fourier Analysis = “how do you work out the Fourier coefficients, U,, ?"
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Fourier Analysis = “how do you work out the Fourier coefficients, U,, ?"
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0 otherwise
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Fourier Analysis = “how do you work out the Fourier coefficients, U,, ?"
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1 ifw=0

Key idea: (e'“") = (coswt + isinwt) = U —
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So, to find a particular coefficient, U,,,, we work out
<u(t)€—i27rmFt> — < (ZOO UneiQWnFt) €—i27rmFt>
— 00

n—

_ Z?io:—oo Un <€7j2ﬂ'nFt€—7j2ﬂ'mFt>

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Fourier Analysis

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Fourier Series: u(t) = >

n=-—

12t F't
oo Une

Fourier Analysis = “how do you work out the Fourier coefficients, U,, ?"

Key idea: (e'“") = (coswt +

—> Orthogonality:

<6i27TnFt

isinwt) =

X €

—12mmF't >

1 ifw=0

0 otherwise

1 form=n
0 form #n

So, to find a particular coefficient, U,,,, we work out

(u(t)em™H) = ( (Enz-

Un 6i27TnFt) €—i27rmFt>
o0

_ Z?io:—oo Un <€7j2ﬂ'nFt€—7j2ﬂ'mFt>

—

[since all other terms are zero]

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Analysis

Fourier Series and . . o0 ;

e s an Fourier Series: u(t) = >~ U, et

Revision Lecture . . . ..

e The Basic Idea Fourier Analysis = “how do you work out the Fourier coefficients, U,, ?"

® Real v Complex
® Series v Transform
® Fourier Analysis

. 1 fw=0
: ; wt\ . .
e Key idea: (e'“") = (coswt + isinwt) = I
® Gibbs Phenomenon Ot erWISe

® Coefficient Decay Rate

® Periodic Extension N
® Dirac Delta Function — Orthogonality: <€i27TnFt X 6—i27TmFt> é—) ior m # n
or m n

® Fourier Transform
@ Convolution

@ Correlation

So, to find a particular coefficient, U,,,, we work out
<u(t)€—i27rmFt> — < (ZOO UneiQWnFt) €—i27rmFt>
— 00

n—

_ Z?io:—oo Un <€7j2ﬂ'nFt€—7j2ﬂ'mFt>

=U,, [since all other terms are zero]

Calculate the average by integrating over any integer number of periods

Um — <u(t)€—z’27rmFt> _ % ftj;o u(t)e—imeFtdt

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: =5/ 13 :
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Fourier Series and
Transforms
Revision Lecture

Fourier Analysis

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t) =

D

12t F't
oo Une

Fourier Analysis = “how do you work out the Fourier coefficients, U,, ?"

Key idea: (e'“") = (coswt + isinwt) =

—> Orthogonality:

<€7L27TnFt

X €

—12mmF't >

1 ifw=0

0 otherwise

1 form=n
0 form #n

So, to find a particular coefficient, U,,,, we work out

(u(t)em™H) = ( (Enz-

Un 6i27TnFt) €—i27rmFt>
o0

_ Z?io:—oo Un <€7j2ﬂ'nFt€—7j2ﬂ'mFt>

—

[since all other terms are zero]

Calculate the average by integrating over any integer number of periods

Un,

<u(t)€—z’27rmFt> _ % ftj;o u(t)e—imeFtdt

Notice the negative sign in Fourier analysis: in order to extract the term in

the series containing e

+22mmFE't

we need to multiply by e

—12mmF't
|

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Power Conservation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t) = >

(©.¢]
n=—oo

U 6i27rnFt
n

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Power Conservation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t) = >

n=—oo

Average power in u(t): P, =

(lu®)I*)

: E1.10 Fourier Series and Transforms (2015-6200)
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-1

Power Conservation

Fourier Series and . i 00 ;
et eresan Fourier Series: u(t) = > U @RI

a nN=——~oo
Revision Lecture

i ) T
e Average power in u(t): P, 2 (|u(t)[*)= % [ u?(D)dt  [u(t) real
® Series v Transform

® Fourier Analysis

® Power Conservation

® Gibbs Phenomenon

® Coefficient Decay Rate

® Periodic Extension

@ Dirac Delta Function

® Fourier Transform

@ Convolution

@ Correlation
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Fourier Series and
Transforms
Revision Lecture

Power Conservation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t) = ZOO . U, ei2mnFt

Average power in u(t): P, = <\u(t)|2>

Average power in Fourier component 7.

1 T 2

— 7T Jo

u

(t)dt

[u(t) real]

<‘Un€i27rnFt‘2> _ <|Un|2 ‘eiQWnFt‘2> _ |Un|2

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Power Conservation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Fourier Series: u(t) = ZOO . U, ei2mnFt

n=-—

— T Jo
Average power in Fourier component 7.

Average power in u(t): P, = <\u(t)|2> !

T 9

u

(t)dt

[u(t) real]

<|Un€z’27rnFt|2> _ <|Un|2 |€z’27rnFt{2> _ |Un|2

Power conservation (Parseval’'s Theorem):

Py = ([u®)) = X2 U]

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Power Conservation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Fourier Series: u(t) = ZOO . U, ei2mnFt

n=-—

= L [T uP(t)dt [u(t) real]

Average power in Fourier component 7.
: 2 2 2 2
<|Un6127rnFt| > _ <|Un| |€’I,27TnFt{ > _ |Un|
Power conservation (Parseval’'s Theorem):

Py = ([u®)) = X2 U]

The average power in u(t) is equal to the sum of the average
powers in all the Fourier components.

Average power in u(t): P, = <\u(t)|2> !

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 6/ 13 :
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Fourier Series and
Transforms
Revision Lecture

Power Conservation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t) = ZZO:_OO U, ei2mnit
Average power in u(t): P, = <\u(t)|2> 1 OT w2 (t)dt () real

Average power in Fourier component 7.
: 2 2 2 2
<|Un6127rnFt| > _ <|Un| |€’I,27TnFt{ > _ |Un|
Power conservation (Parseval’'s Theorem):

Pu = (u@®’) = 2o [0l

The average power in u(t) is equal to the sum of the average
powers in all the Fourier components.

This is a consequence of orthogonality:

(IO = (S Une2m7) (S35 U mr))

E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 6/ 13 :
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Fourier Series and
Transforms
Revision Lecture

Power Conservation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t) = ZZO:_OO U, ei2mnit
Average power in u(t): P, = <\u(t)|2> 1 OT w2 (t)dt () real

Average power in Fourier component 7.
: 2 2 2 2
<|Un6127rnFt| > _ <|Un| |€’I,27TnFt{ > _ |Un|
Power conservation (Parseval’'s Theorem):

Pu = (u@®’) = 2o [0l

The average power in u(t) is equal to the sum of the average
powers in all the Fourier components.

This is a consequence of orthogonality:

(O ) = (7 U™ (S5 e

_ <Zn——oo SO UnU;klei27rnFt€—i27rmFt>
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Fourier Series and
Transforms
Revision Lecture

Power Conservation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t) = ZZO:_OO U, ei2mnit
Average power in u(t): P, = <\u(t)|2> 1 OT w2 (t)dt

Average power in Fourier component 7.
: 2 2 2 2
<|Un6127rnFt| > _ <|Un| |€’I,27TnFt{ > _ |Un|
Power conservation (Parseval’'s Theorem):

Pu = (u@®’) = 2o [0l

[u(t) real]

The average power in u(t) is equal to the sum of the average
powers in all the Fourier components.

This is a consequence of orthogonality:

(O = (£ 077) (e U™
_ <Zn——oo SO UnU;klei27rnFt€—i27rmFt>

— Zn:—oo Zz::—oo UnU:n <6i27rnFt€—i27rmFt>

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Power Conservation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Fourier Series: u(t) = ZZO:_OO U, ei2mnit
Average power in u(t): P, = <\u(t)|2> 1 OT w2 (t)dt () real

Average power in Fourier component 7.
: 2 2 2 2
<|Un6127rnFt| > _ <|Un| |€’I,27TnFt{ > _ |Un|
Power conservation (Parseval’'s Theorem):

Pu = (u@®’) = 2o [0l

The average power in u(t) is equal to the sum of the average
powers in all the Fourier components.

This is a consequence of orthogonality:

(O = (£ 077) (e U™
_ <Zn——oo SO UnU;klei27rnFt€—i27rmFt>

— Zn:—oo ZOO_ UnU:n <6i27rnFt€—i27rmFt>

m=—0oo

00 2
— Zn:—oo ‘Un|
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Fourier Series and
Transforms
Revision Lecture

Gibbs Phenomenon

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Truncated Fourier Series: uy (t) = >

N
n=—N

U ez’27rnFt
mn
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Fourier Series and
Transforms
Revision Lecture

Gibbs Phenomenon

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Truncated Fourier Series: uy (t) = >

N
n=—N

U 12mnF't
n€
1 max(y,)=0.500
05
0 N=0
0 5 10 15 20
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Gibbs Phenomenon

Fourier Series and N

- 2 o _ 12t F't
Transforms Truncated Fourier Series: un (t) =) _ n Upe
Revision Lecture _
® The Basic Idea ! max(u,)=0.500
0.5
® Real v Complex N=0
0
® Series v Transform 0 5 10 15 20
® Fourier Analysis
1
. max(u,)=1.137
® Power Conservation os (uy) )z
® Gibbs Phenomenon 0 N=1
~———
® Coefficient Decay Rate 0 5 10 15 20

® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 7/ 13
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Gibbs Phenomenon

Fourier Series and

N ;
: P _ 12t F't
Transforms Truncated Fourier Series: un (t) =) _ n Upe
Revision Lecture _
® The Basic Idea ! max(u,)=0.500
0.5
® Real v Complex N=0
0
® Series v Transform 0 5 10 15 20
® Fourier Analysis
1
® Power Conservation max(u,)=1.137 [~
W vati 05 it
® Gibbs Phenomenon 0 N=1
. ~
® Coefficient Decay Rate 0 5 10 15 20
® Periodic Extension 1
. . max(u,)=1.100
@ Dirac Delta Function 05 ® ;
@ Fourier Transform 0 N=3
e Convolution 0 5 10 15 20

@ Correlation

: E1.10 Fourier Series and Transforms (2015-6200)
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Gibbs Phenomenon

Fourier Series and N .
: P _ 12t F't
Transforms Truncated Fourier Series: un (t) =) _ n Upe
Revision Lecture -
® The Basic Idea ! max(u,)=0.500
0.5
® Real v Complex N=0
0
® Series v Transform 0 5 10 15 20
® Fourier Analysis
1 -
® Power Conservation os max(u,)=1.137 [
® Gibbs Phenomenon .0 N=1
~———
® Coefficient Decay Rate 0 5 10 15 20
® Periodic Extension 1
i i max(u,)=1.100 [/
@ Dirac Delta Function 05
@ Fourier Transform 0 N=3
@ Convolution 0 5 10 15 20
® Correlation 1 max(u.)=1.004
0.5 ° J
o0t ] . .

0 5 10 15 20
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Gibbs Phenomenon

Fourier Series and N .
. : _ 12mnF't
Transforms Truncated Fourier Series: un (t) =) _ n Upe
Revision Lecture -
® The Basic Idea ! max(u,)=0.500
0.5
® Real v Complex N=0
0
® Series v Transform 0 3 10 15 20
® Fourier Analysis
1 _
@ Power Conservation os max(u)=1.137 [
® Gibbs Phenomenon .0 N=1
~———
® Coefficient Decay Rate 0 5 10 15 20
@ Periodic Extension 1
=1.100 [/
® Dirac Delta Function 05 max(uy)
@ Fourier Transform 0 N=3
@ Convolution 0 5 10 15 20
@ Correlation 1
max(u,)=1.094 /
0.5
0 N=5 -
0 5 0 15 20
o max(u,,)=1.080 [~
0.5
0 N=41 I
0 5 10 15 20
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Fourier Series and

Transforms

Revision Lecture

Gibbs Phenomenon

® The Basic ldea

® Real v Complex

® Series v Transform

® Fourier Analysis

® Power Conservation

® Gibbs Phenomenon

® Coefficient Decay Rate
® Periodic Extension

@ Dirac Delta Function

® Fourier Transform

@ Convolution
@ Correlation

Truncated Fourier Series: u (¢

Approximation error: ey (t) = un(t) — u(t

0.5

max(u,)=0.500
N=0
0 5 10 15 20
max(u,)=1.137 [~
N=1
~———
0 5 10 15 20
max(u,)=1.100 [/
N=3
0 5 10 15 20
max(u,)=1.094 /
N=5
1 1 1 1 ~ 1
0 5 10 15 20
max(u,,)=1.080 [~
N=41
0 5 10 15 20
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Fourier Series and
Transforms
Revision Lecture

Gibbs Phenomenon

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Truncated Fourier Series: uy (t) = >

N

n=——

N Une

Approximation error: ey (t) = un (t) — u(t)

2
Average error power Pe, = > o [Unl”.

12t F't

1
0.5

max(u,)=0.500
N=0
0 5 10 15 20
max(u,)=1.137 [~
N=1
~———
0 5 10 15 20
max(u,)=1.100 [/
N=3
0 5 10 15 20
max(u,)=1.094 /
N=5
1 1 1 1 ~ 1
0 5 10 15 20
max(u,,)=1.080 [~
N=41
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Gibbs Phenomenon

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

N

n=——

12t F't

Truncated Fourier Series: un (t) = >y Upe

1

Approximation error: ey (t) = un (t) — u(t) 0s

2
Average error power Pe, = > o [Unl”.

P, ., — 0 monotonically as N — oc. 05

max(u,)=0.500
N=0
0 5 10 15 20
max(u,)=1.137 [~
N=1
~———
0 5 10 15 20
max(u,)=1.100 [/
N=3
0 5 10 15 20
max(u,)=1.094 /
N=5
1 1 1 1 ~ 1
0 5 10 15 20
max(u,,)=1.080 [~
N=41
0 5 10 15 20
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Fourier Series and
Transforms
Revision Lecture

Gibbs Phenomenon

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Truncated Fourier Series: uN(t) — ij:_N Unei%nFt

Approximation error: ey (t) = un (t) — u(t)
Average error power P = > oy U, |°.

P, ., — 0 monotonically as N — o0.

Gibbs phenomenon

If u(ty) has a discontinuity of height h then:

1
0.5
0

max(u,)=0.500
N=0
0 5 10 15 20
max(u,)=1.137 [~
N=1
~———
0 5 10 15 20
max(u,)=1.100 [/
N=3
0 5 10 15 20
max(u,)=1.094 /
N=5
1 1 1 1 ~ 1
0 5 10 15 20
max(u,,)=1.080 [~
N=41
0 5 10 15 20

: E1.10 Fourier Series and Transforms (2015-6200)
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Gibbs Phenomenon

Fourier Series and

Tiansforms Truncated Fourier Series: un (t) = Y., __ y Upe?™

Revision Lecture

® The Basic Idea : : - _ L ! max(u)=0.500 [
S Approximation error: ey (t) = upn () — u(t) o —
@ Series v Transform o 2 5 : 75 75 55
@ Fourier Analysis Average error power PeN - Z|’)’L|>N ‘U’I’L‘ C .
® Power Conservation . max(u,)=1.137 7
o Gibbs Phenomenon P, ,, — 0 monotonically as N — oo. s -
® Coefficient Decay Rate 0 5 10 \1'§>/ 20
® Periodic Extension - 1
@ Dirac Delta Function GIbbS phenomenon 05 max(u,)=1.100 7C
® Fourier Transform ] ) . ) 0 N=3
o Convolution If u(ty) has a discontinuity of height h then: o5 B 15w
® Correlation ) ] 1 mese)=1.064 f
e upn(typ) — the midpoint of the 0 . 5
discontinuity as N — o0. R
1 f max(u,,)=1.089 rw——
OE N=41 )
0 5 10 15 20
1 max(u, )=1.089
05
G n n n n n
-1 05 0 05 1

[Enlarged View: u41 (t)]
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Gibbs Phenomenon

Fourier Series and

Tiansforms Truncated Fourier Series: un (t) = Y., __ y Upe?™

Revision Lecture

® The Basic Idea : : - _ L ! max(u)=0.500 [
S Approximation error: ey (t) = un (t) — u(t) o —
@ Series v Transform o 2 5 : 75 75 55
@ Fourier Analysis Average error power PeN - Z|’)’L|>N ‘U’I’L‘ C .
@ Power Conservation . max(u,)=1.137 7
o Gibbs Phenomenon P, ,, — 0 monotonically as N — oo. s -
® Coefficient Decay Rate 0 5 10 \1'§>/ 20
® Periodic Extension - 1
@ Dirac Delta Function GIbbS phenomenon 05 max(u,)=1.100 7C
@ Fourier Transform ] ) . ) 0 N=3
o Convolution If u(ty) has a discontinuity of height h then: o5 B 15w
@ Correlation . . 1 max(u,)=1.094 7Q‘
e upn(typ) — the midpoint of the 0 . 5
. .. o=~ - . e/
discontinuity as N — o0. R
b op -
e wuy(t) overshoots by =~ +9% x h at 05 it
T ol N=41 .
t%t0i2N+1. 0 5 10 15 20
M max(u,,)=1.089
05
G n n n n n
1 05 0 05 1

[Enlarged View: u41 (t)]
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Fourier Series and
Transforms
Revision Lecture

Gibbs Phenomenon

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Truncated Fourier Series: uN(t) — ij:_N Unei%nFt

1

Approximation error: ey (t) = un (t) — u(t) ! e
Average error power P, = Z|n|>N ‘Un‘2- %
P,.. — 0 monotonically as N — ooc. 0s . maxim -

BT
Gibbs phenomenon . max(uy=1100 [7
If u(ty) has a discontinuity of height h then: T
e upn(typ) — the midpoint of the s B maxs)<1094 7
discontinuity as N — oo. a5 ow
e uy(t) overshoots by ~ +9% x h at e ) e[
t &t & grey R
e For large [V, the overshoots move
closer to the discontinuity but do not b e mioss
decrease in size. e

[Enlarged View: u41 (t)]
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Fourier Series and
Transforms
Revision Lecture

Coefficient Decay Rate

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t) =

oo
n=—oo

U 6i27rnFt
n
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Fourier Series and
Transforms
Revision Lecture

Coefficient Decay Rate

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

_ ZOO U 6i27rnFt
— n

n=—oo

Fourier Series: u(t)

Integration'
fo Tdr = V, =
prowded UQ =V, =0.

Un

z27rnF

E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Coefficient Decay Rate

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t)

Integration

= Jy ul

=>
T n=—oo

Tdr = V, =

prowded UQ = Vo =0.

Differentiation:
du(t)

w(t) =

dt

= W,

U €i27rnFt
n

Un

z27rnF

= 2mnF x U,

provided w(t) satisfies the Dirichlet conditions.

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Coefficient Decay Rate

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Fourier Series: u(t) = ZZO:_OO U, ei2mnkt

Integration
fO dT = V z27rnFU
prowded Uo = Vo = 0.
Differentiation:
w(t) = dr‘é—it) = W, =i2mnF x U,

provided w(t) satisfies the Dirichlet conditions.

Coefficient Decay Rate:
u(t) has a discontinuity —=-

U, | is O (L) for large |n|

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Coefficient Decay Rate

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

_ ZOO U €i27rnFt
— n

n=—oo

Fourier Series: u(t)

Integration
U,

fo Tdr = V, =
prowded Uo = Vo = 0.

z27rnF

Differentiation:
w(t) = dr‘é—it) = W, =i2mnF x U,
provided w(t) satisfies the Dirichlet conditions.

Coefficient Decay Rate:
u(t) has a discontinuity —=-

dFu(t)
dtk

U, | is O (L) for large |n|

IS the lowest derivative with a discontinuity
= |U,|is O (=55 ) for large |n)|

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Coefficient Decay Rate

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

_ ZOO U €i27rnFt
— n

n=—oo

Fourier Series: u(t)

Integration
U,

fo Tdr = V, =
prowded Uo = Vo = 0.

z27rnF

Differentiation:
w(t) = dr'él—it) = W, =i2mnF x U,
provided w(t) satisfies the Dirichlet conditions.

Coefficient Decay Rate:
u(t) has a discontinuity —=-

dFu(t)
dtk

U, | is O (L) for large |n|

IS the lowest derivative with a discontinuity
= |U,|is O (=55 ) for large |n)|

If the coefficients, U,,, decrease rapidly then only a few terms are
needed for a good approximation.

: E1.10 Fourier Series and Transforms (2015-6200)
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Periodic Extension

Fourier Series and

Fourter S If u(t) is only defined over a finite range, [0, B], we can make it periodic
Revision Lecture by deﬁning ’U/(t :|: B) — 'U,(t)

® The Basic Idea

® Real v Complex e Coefficients are given by U,, = <+ fB u(t)e 2t gy,

® Series v Transform B O

® Fourier Analysis

® Power Conservation

® Gibbs Phenomenon

® Coefficient Decay Rate
® Periodic Extension

@ Dirac Delta Function

® Fourier Transform

@ Convolution

@ Correlation

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 9/ 13 :



-1

Periodic Extension

S If u(t) is only defined over a finite range, |0, B], we can make it periodic
Revision Lecture .. o

® The Basic Idea by deflnlng u(t :|: B) - U(t) .

® Real v Complex .. . 1 e o

o:eriLS\c/:Trafllsform ¢ CoeffICIentS are g'Ven by U'n, o E fO ’U,(t)e LaTn dt

® Fourier Analysis 2
@ Power Conservation Exam ple ’U/(t) — t fOI‘ O S t < 2
® Gibbs Phenomenon

® Coefficient Decay Rate
® Periodic Extension

® Dirac Delta Function

® Fourier Transform
@ Convolution

@ Correlation

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 9/ 13 :
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Periodic Extension

Fourier Series and

Fourter S If u(t) is only defined over a finite range, [0, B], we can make it periodic
Revision Lecture by deﬁning 'U/(t :|: B) — 'U,(t)

® The Basic Idea

® Real v Complex e Coefficients are given by U,, = <+ fB u(t)e 2t gy,

® Series v Transform B 0
® Fourier Analysis 2

@ Power Conservation Exam ple ’U/(t) — t fOI‘ O S t < 2

® Gibbs Phenomenon 4 4

® Coefficient Decay Rate
@ Periodic Extension
@ Dirac Delta Function 0

® Fourier Transform
@ Convolution

@ Correlation

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 9/ 13 :
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Periodic Extension

Fourier Series and

Fourter S If u(t) is only defined over a finite range, [0, B], we can make it periodic
Revision Lecture by deﬁning 'U/(t :|: B) — 'U,(t)

® The Basic Idea

® Real v Complex e Coefficients are given by U,, = <+ fB u(t)e 2t gy,

® Series v Transform B 0
® Fourier Analysis 2

@ Power Conservation Exam p|e: ’U/(t) — t fOI‘ O S t < 2

® Gibbs Phenomenon 4 4

® Coefficient Decay Rate
@ Periodic Extension
@ Dirac Delta Function 0

® Fourier Transform
@ Convolution

@ Correlation

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 9/ 13 :
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Periodic Extension

Fourier Series and

Fourter S If u(t) is only defined over a finite range, [0, B], we can make it periodic
Revision Lecture by deﬁning U(t :|: B) — 'U,(t)

® The Basic Idea

® Real v Complex e Coefficients are given by U,, = <+ fOB u(t)e 2t gy,

B

® Series v Transform
® Fourier Analysis

® Power Conservation Example: U/(t) — t2 fOt‘ 0 S t < 2

® Gibbs Phenomenon 4

® Coefficient Decay Rate
@ Periodic Extension
@ Dirac Delta Function 0

® Fourier Transform
@ Convolution

® Correlation Symmetl‘IC eXtenSiOI’lZ
e To avoid a discontinuity at t = I’, we can instead make the period
2B and define u(—t) = u(+t).

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 9/ 13 :
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Fourier Series and
Transforms
Revision Lecture

Periodic Extension

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

If u(t) is only defined over a finite range, |0, B], we can make it periodic
by defining u(t + B) = u(t).

e Coefficients are given by U,, = & fOB u(t)e 2t tqt

Example: u(t) = t% for0 < ¢ < 2

Symmetric extension:

e Toavoid a discontinuity att = I', we can instead make the period

2B and define u — u +t

W\/M

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Periodic Extension

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

If u(t) is only defined over a finite range, |0, B], we can make it periodic
by defining u(t + B) = u(t).

e Coefficients are given by U,, = & fOB u(t)e 2t tqt

Example: u(t) = t% for0 < ¢ < 2

Symmetric extension:
e Toavoid a discontinuity att = I', we can instead make the period
ZB and define u( = u(+t).

N=3 4 N=6
2
0
2 0 2 2

E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 9/ 13 :
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Periodic Extension

S If u(t) is only defined over a finite range, |0, B], we can make it periodic
Revision Lecture .. o

® The Basic Idea by deflnlng u(t :|: B) - ,U/(t) .

® Real v Complex .. . 1 e o

o:eriLS\c/:Traftlsform ¢ CoeffICIentS are glven by Un o E fo U(t)e LaTn dt

® Fourier Analysis 2
@ Power Conservation Exam p|e: ’U/(t) — t fOI‘ 0 S t < 2
® Gibbs Phenomenon 4

® Coefficient Decay Rate
® Periodic Extension

® Dirac Delta Function

® Fourier Transform
@ Convolution

o Correlation Symmetric extension:
e Toavoid a discontinuity att = I', we can instead make the period
ZB and define u( = u(+t).

N=3 4 N=6
2
0
2 0 2 2

o Symmetry around t = O means coeff|C|ents are real-valued and
symmetric (U_,, = U = U,).

E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 9/ 13 :
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Fourier Series and
Transforms
Revision Lecture

Periodic Extension

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

If u(t) is only defined over a finite range, |0, B], we can make it periodic
by defining u(t + B) = u(t).

e Coefficients are given by U,, = & fOB u(t)e 2t tqt

Example: u(t) = t% for0 < ¢ < 2

Symmetric extension:

e Toavoid a discontinuity att = I', we can instead make the period

ZB and define u — u +t

N=3 4 N=6
2
0
2 0 2 2

o Symmetry around t = O means coeff|C|ents are real-valued and

symmetric (U_,, = U = U,).

e Still have a first-derivative discontinuity at ¢ = B but now we have

1

no Gibbs phenomenon and coefficients o n~2 instead of x n~! so

approximation error power decreases more quickly.

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Dirac Delta Function

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
® Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

() is the limiting case as w — 0 of a pulse w wide and % high

[ 85,
4 0.2
2
0 " " "
3 2 1 1

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Dirac Delta Function

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
® Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

() is the limiting case as w — 0 of a pulse w wide and % high
It is an infinitely thin, infinitely high pulse at x = 0 with unit area.

[ 85,
4 0.2
2
0 " " "
3 2 1 1

1

0.5

o(X)

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Dirac Delta Function

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
® Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

() is the limiting case as w — 0 of a pulse w wide and % high
It is an infinitely thin, infinitely high pulse at x = 0 with unit area.

1 20209

1

0.5

o(X)

: E1.10 Fourier Series and Transforms (2015-6200)
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Dirac Delta Function

Fourier Series and

- () is the limiting case as w — 0 of a pulse w wide and % high
S r—— It is an infinitely thin, infinitely high pulse at z = 0 with unit area.

® The Basic Idea
® Real v Complex

] 8y ,(X) 1

® Series v Transform 4
® Fourier Analysis 5( )
X

@ Power Conservation 0.5
® Gibbs Phenomenon

® Coefficient Decay Rate 0

® Periodic Extension . . . . . , \ , . \ ) ,
@ Dirac Delta Function -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

@ Fourier Transform

@ Convolution

@ Correlation () Area: fjooo (5(1’

~—

SH
8
I

—_

e Scaling: 6(cz) = =d(x)

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 10/ 13 :
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Fourier Series and
Transforms
Revision Lecture

Dirac Delta Function

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
® Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

() is the limiting case as w — 0 of a pulse w wide and % high

It is an infinitely thin, infinitely high pulse at x = 0 with unit area.

1 5,,03
4 0.2 1
3(x)
2 0.5
0 _ 0
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
X X

Area: [°_d(z)dx =1
Scaling: §(cz) = +6(x)

lc

Shifting: d(x — a) is a pulse at x = a and is zero everywhere else

: E1.10 Fourier Series and Transforms (2015-6200)
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Dirac Delta Function

Fourier Series and

- () is the limiting case as w — 0 of a pulse w wide and % high

Revision Lecture

® The Basic ldea
® Real v Complex
® Series v Transform 4
® Fourier Analysis

® Power Conservation

® Gibbs Phenomenon

® Coefficient Decay Rate

® Periodic Extension

® Dirac Delta Function
@ Fourier Transform
@ Convolution

@ Correlation () Area: fjooo (5(1’

e Scaling: 6(cz) = =d(x)

1

0.5

It is an infinitely thin, infinitely high pulse at x = 0 with unit area.

1 20209

o(X)

e Shifting: d(z — a) is a pulse at z = a and is zero everywhere else

e Multiplication: f(z) X 6(z — a) = f(a) X 6(x — a)

: E1.10 Fourier Series and Transforms (2015-6200)
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Dirac Delta Function

Fourier Series and

- () is the limiting case as w — 0 of a pulse w wide and % high

Revision Lecture

® The Basic ldea
® Real v Complex
® Series v Transform 4
® Fourier Analysis

® Power Conservation

® Gibbs Phenomenon

® Coefficient Decay Rate

® Periodic Extension

® Dirac Delta Function
@ Fourier Transform
@ Convolution

@ Correlation () Area: fjooo 5(1’

e Scaling: 6(cz) = =d(x)

1

0.5

It is an infinitely thin, infinitely high pulse at x = 0 with unit area.

1 20209

o(X)

e Shifting: d(z — a) is a pulse at z = a and is zero everywhere else

e Multiplication: f(z) X 6(z — a) = f(a) X 6(x — a)
e Integration: [~ f(z) X §(z — a)dz = f(a)

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Dirac Delta Function

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
® Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

() is the limiting case as w — 0 of a pulse w wide and % high
It is an infinitely thin, infinitely high pulse at x = 0 with unit area.

1 5,,03
4 0.2 1
3(x)
2 0.5
0 _ 0
3 2 1 0 1 2 3 3 2 1 0 1 2 3
X X

o Area: [~ d(z)dx =1

e Scaling: 6(cz) = =d(x)

e Shifting: d(z — a) is a pulse at z = a and is zero everywhere else
e Multiplication: f(z) X 6(z — a) = f(a) X 6(x — a)

e Integration: [~ f(z) X §(z — a)dz = f(a)

e Fourier Transform: u(t) = d0(t) < U(f) =1

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: — 10/ 13 :
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Fourier Series and
Transforms
Revision Lecture

Dirac Delta Function

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
® Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

() is the limiting case as w — 0 of a pulse w wide and % high

\ 1 20209

2

0 " " " " " 2
3 2 -1 0 1 2 3

Area: [~ 0(x

=
8
I
—_

Scaling: d(cx) = ﬁ5(az)

1

0.5

o(X)

It is an infinitely thin, infinitely high pulse at x = 0 with unit area.

Shifting: d(x — a) is a pulse at x = a and is zero everywhere else
Multiplication: f(z) X 6(z — a) = f(a) X 6(x — a)
Integration: [~ f(z) x 6(z — a)dz = f(a)

Fourier Transform: u(t) = §(t)

& U(f)=1

We plot hd(x) as a pulse of height |A| (instead of its true height of o)

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Fourier Transform

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Fourier Transform:

Jo Uf)e?mItdf

[

u(t)e 27 Itdt

: E1.10 Fourier Series and Transforms (2015-6200)

Revision Lecture: —11/13 '



-1

Fourier Transform

Tanstorms Fourier Transform:  w(t) = [~ U(f)e?*™Ftdf

Revision Lecture

® The Basic Idea U(f) - ffooo u(t)e—’iQﬂ'ftdt

® Real v Complex

® Series v Transform

S e An “Energy Signal” has finite energy < F,, = ffooo \u(t)\Q dt < oo
® Power Conservation
® Gibbs Phenomenon o Complex-valued spectrum, U( f), decays to zero as f — 400

® Coefficient Decay Rate
® Periodic Extension

@ Dirac Delta Function

® Fourier Transform

0.5¢
@ Convolution a=2 — 8%
@ Correlation 505 2 8]2_
0 -5 0 5 -5 0 5
Time (s) Frequency (Hz)

: E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: —11/13 :
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Fourier Series and
Transforms
Revision Lecture

Fourier Transform

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Fourier Transform:

U(f) = /"

u(t) = [, U(f)e=Ids
u(t)e 27 Itdt

e An “Energy Signal” has finite energy < F,, = ffooo \u(t)\Q dt < oo

o Complex-valued spectrum, U( f), decays to zero as f — 400

o Energy Conservation: E,, = Ey where Eyy = [~ U () df

1 a=2

U@l
OOOOO
FENWAOT

-5

0 5
Frequency (Hz)

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Fourier Transform

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Fourier Transform:  w(t) = [~ U(f)e™*™/df
U(F) = [, ult)e 2t

e An “Energy Signal” has finite energy < F,, = ffooo \u(t)\Q dt < oo

o Complex-valued spectrum, U( f), decays to zero as f — 400

o Energy Conservation: E,, = Ey where Eyy = [~ U () df

0.5
a=2 83
€05 202
—0.1
0
-5 0 5
Time (s)

e Periodic Signals — Dirac d functions at harmonics.

-5

0

Frequency (Hz)

Same complex-valued amplitudes as U,, from Fourier Series

1

/\/\./J\/W ~
0

?TTTMTTT?

-4F -3F -2F -F

0

F 2F 3F 4F

: E1.10 Fourier Series and Transforms (2015-6200)

Revision Lecture: —11/ 13 '



-1

Fourier Transform

Tantorms Fourier Transform:  w(t) = [~ U(f)e™*™/df

Revision Lecture

® The Basic Idea U(f) - ffooo u(t)e—’iQﬂ'ftdt

® Real v Complex

® Series v Transform

@ Fourier Analysis ) An “Energy Signal" haS f|n|te energy = Eu = ffooo ‘u(t) ‘2 dt < 00

® Power Conservation

® Gibbs Phenomenon o Complex-valued spectrum, U( f), decays to zero as f — 400

® Coefficient Decay Rate o
® Periodic Extension H 0 - _ o0

O p— —
® Periodc Bxension Energy Conservation: £, = Ey where Ey = [ |U(f)|” df
® Fourier Transform

0.5¢
@ Convolution a=2 — 8%
@ Correlation 505 2 8]2_
0 -5 0 5 -5 0 5
Time (s) Frequency (Hz)

e Periodic Signals — Dirac d functions at harmonics.

Same complex-valued amplitudes as U,, from Fourier Series
1

NN AN s P el e

4F -3F 2F -F 0 F 2F 3F 4F

o F, = oo butave poweris P, = <|u(t)\2> =5y U,,|°

n——oo
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Convolution

e Convolution: w(t) = u(t) xv(t) < wt)= ["_ u(r)v(t—7)dr

.. — OO
Revision Lecture

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation
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Convolution

Tanstorms Convolution: w(t) = u(t) * v(t)

Revision Lecture

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

&S w(t)= [ ulr)v(t —T1)dr

[In the integral, the arguments of u( ) and v( ) add up to ]

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Convolution

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Convolution: w(t) = u(t) * v(t)

&S w(t)= [ ulr)v(t —T1)dr

[In the integral, the arguments of u( ) and v( ) add up to ]

* acts algebraically like X : Commutative, Associative, Distributive over +.

Identity element is 0(¢): u(t) * 0(t) = u(t)

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Convolution

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Convolution: w(t) = u(t) * v(t)

&S w(t)= [ ulr)v(t —T1)dr

[In the integral, the arguments of u( ) and v( ) add up to ]

* acts algebraically like X : Commutative, Associative, Distributive over +.

Identity element is 0(¢): u(t) * 0(t) = u(t)

Multiplication in either the time or frequency domain
IS equivalent to convolution in the other domain:

w(t) = u(t) *v(t)

y(t) = u(t)v(t)

= W) =U)V(f)
& Y()=U{)*V()

: E1.10 Fourier Series and Transforms (2015-6200)
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Fourier Series and
Transforms
Revision Lecture

Convolution

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Convolution: w(t) = u(t) * v(t)

&S w(t)= [ ulr)v(t —T1)dr

[In the integral, the arguments of u( ) and v( ) add up to ]

* acts algebraically like X : Commutative, Associative, Distributive over +.

Identity element is 0(t): u(t) * 0(t) = u(t)

Multiplication in either the time or frequency domain
IS equivalent to convolution in the other domain:

w(t) = u(t) *v(t)

y(t) = u(t)v(t)

= W) =U)V(f)
& Y()=U{)*V()

Example application:

x(f) R

: E1.10 Fourier Series and Transforms (2015-6200)

Revision Lecture: —12 /13 '



-1

Convolution
e Convolution: w(t) = u(t) *xv(t) < w(t)= [ u(r)v(t—7)dr
Revision Lecture
S [In the integral, the arguments of u( ) and v( ) add up to ]
® Series v Transform
S o * acts algebraically like x : Commutative, Associative, Distributive over +.
® Gibbs Phenomenon Identity element is 0(¢): u(t) x 6(t) = u(t)

® Coefficient Decay Rate
® Periodic Extension

® Dirac Delta Function

. Multiplication in either the time or frequency domain
® Fourier Transform
® Convolution IS equivalent to convolution in the other domain:

o Correlation w(t) =ut)*xv(t) < W) =UL)V(S)
y() —ulolt) & Y(F) = U +V(h)

Example application:

R
e Impulse Response: [2 y(t) for z(t) = §(t)] X(?) _._y(t)

h(t) = A-e T fort > 0 p—
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Convolution
e Convolution: w(t) = u(t) *xv(t) < w(t)= [ u(r)v(t—7)dr
Revision Lecture
S [In the integral, the arguments of u( ) and v( ) add up to ]
® Series v Transform
S o * acts algebraically like x : Commutative, Associative, Distributive over +.
® Gibbs Phenomenon Identity element is 0(¢): u(t) x 6(t) = u(t)

® Coefficient Decay Rate
® Periodic Extension

® Dirac Delta Function

. Multiplication in either the time or frequency domain
® Fourier Transform
® Convolution IS equivalent to convolution in the other domain:

o Correlation w(t) =ut)*xv(t) < W) =UL)V(S)
y() —ulolt) & Y(F) = U +V(h)

Example application:

X0 Ry

e Impulse Response: [2 y(t) for z(t) = §(t)]

h(t) = A-e T fort > 0 ——
e Frequency Response: H(f) = 1+Z.2717fRC —
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Convolution
e Convolution: w(t) = u(t) *xv(t) < w(t)= [ u(r)v(t—7)dr
Revision Lecture
S [In the integral, the arguments of u( ) and v( ) add up to ]
® Series v Transform
S o * acts algebraically like x : Commutative, Associative, Distributive over +.
® Gibbs Phenomenon Identity element is 0(¢): u(t) x 6(t) = u(t)

® Coefficient Decay Rate
® Periodic Extension

® Dirac Delta Function

. Multiplication in either the time or frequency domain
® Fourier Transform
® Convolution IS equivalent to convolution in the other domain:

o Correlation w(t) =ut)*xv(t) < W) =UL)V(S)
y() —ulolt) & Y(F) = U +V(h)

Example application:

X0 Ry

e Impulse Response: [2 y(t) for z(t) = §(t)]

h(t) = A-e T fort > 0 ——
e Frequency Response: H(f) = 1+Z.2717fRC —

e Convolution: y(t) = h(t) x z(t)
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Convolution
e Convolution: w(t) = u(t) *xv(t) < w(t)= [ u(r)v(t—7)dr
Revision Lecture
S [In the integral, the arguments of u( ) and v( ) add up to ]
® Series v Transform
S o * acts algebraically like x : Commutative, Associative, Distributive over +.
® Gibbs Phenomenon Identity element is 0(¢): u(t) x 6(t) = u(t)

® Coefficient Decay Rate
® Periodic Extension

® Dirac Delta Function

. Multiplication in either the time or frequency domain
® Fourier Transform
® Convolution IS equivalent to convolution in the other domain:

o Correlation w(t) =ut)*xv(t) < W) =UL)V(S)
y() —ulolt) & Y(F) = U +V(h)

Example application:

X0 Ry

e Impulse Response: [2 y(t) for z(t) = §(t)]

h(t) = A-e T fort > 0 ——
e Frequency Response: H(f) = 1+Z.2717fRC —

e Convolution: y(t) = h(t) x z(t)
e Multiplication: Y (f) = H(f)X(f)
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Fourier Series and
Transforms
Revision Lecture

Correlation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Cross-correlation:
w(t) = u(t) ® v(t)

& w(t) = [0 u*(r —t)u(r)dr
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Fourier Series and
Transforms
Revision Lecture

Correlation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Cross-correlation:

w(t) =

u(t) ® v(t)

& w(t) = [0 u*(r —t)u(r)dr

[In the integral, the arguments of w*( ) and v( ) differ by ]
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Fourier Series and
Transforms
Revision Lecture

Correlation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Cross-correlation:

w(t) =

u(t) ® v(t)

& w(t) = [0 u*(r —t)u(r)dr

[In the integral, the arguments of w*( ) and v( ) differ by ]

® is not commutative or associative (unlike *)
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Correlation
Fourier Series and Cross-correlation:
ransforms 69 y
Revision Lecture — - .
lopeniee w(t) =u(t)@v(t) < wt)=[__ u*(r—t)(r)dr
® Real v Complex . .
o Series v Tansform [In the integral, the arguments of v*( ) and v( ) differ by ]
® Fourier Analysis
® Power Conservation ® Is not commutative or associative (unlike *)
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension Cauchy-Schwartz Inequality = Bound on |w(t)]
® Dirac Delta Function
® Fourier Transform . 2
s e Forallvalues of t: |w(t)|” < B, E,
@ Correlation . 5 2

o u(t—ty)isan exact multiple of v(t) < |w(ty)|” = EuFy
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Fourier Series and
Transforms
Revision Lecture

Correlation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Cross-correlation:

w(t) =ut)@vlt) & w(t)= [ u*(r—t)v(r)dr

[In the integral, the arguments of w*( ) and v( ) differ by ]

® is not commutative or associative (unlike *)

Cauchy-Schwartz Inequality = Bound on |w(t)]
e For all values of ¢: |w(t)|” < E,E,
o u(t—ty)is an exact multiple of v(¢) < |w(to)|” = EyE,

Normalized cross-correlation:

w(t)

vV E, B,

has a maximum absolute value of 1
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Fourier Series and
Transforms
Revision Lecture

Correlation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

@ Correlation

Cross-correlation:

w(t) =ult)@v(lt) < wit)=["_

u* (17 — t)v(r)dr

[In the integral, the arguments of w*( ) and v( ) differ by ]

® is not commutative or associative (unlike *)

Cauchy-Schwartz Inequality = Bound on |w(t)]
e For all values of ¢: |w(t)|” < E,E,

e u(t—tp) is an exact multiple of v(t) < |w(to)|2 —

LBy By

. . t
Normalized cross-correlation: (D)

NN has a maximum absolute value of 1

e Cross-correlation is used to find the time shift, ¢, at which two

signals match and also how well they match.
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Fourier Series and
Transforms
Revision Lecture

Correlation

® The Basic ldea

® Real v Complex

® Series v Transform
® Fourier Analysis

® Power Conservation
® Gibbs Phenomenon
® Coefficient Decay Rate
® Periodic Extension
@ Dirac Delta Function
® Fourier Transform

@ Convolution

® Correlation

Cross-correlation:
w(t) = u(t) ® v(t)

& w(t) = ffooo

[In the integral, the arguments of w*( ) and v( ) differ by ]

u* (17 — t)v(r)dr

® is not commutative or associative (unlike *)

Cauchy-Schwartz Inequality = Bound on |w(t)]
e For all values of ¢: |w(t)|” < E,E,
o u(t—ty)is an exact multiple of v(¢) < |w(to)|” = EyE,

Normalized cross-correlation:

w

E

(t)
wE

%

has a maximum absolute value of 1

e Cross-correlation is used to find the time shift, ¢, at which two
signals match and also how well they match.

e Auto-correlation is the cross-correlation of a signal with itself: used to
find the period of a signal (i.e. the time shift where it matches itself).
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