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• Both types of spectrum are conjugate symmetric.
• If u(t) is periodic, its Fourier transform consists of Dirac δ functions

with amplitudes {Un}.
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If u(t0) has a discontinuity of height h then:

• uN (t0) → the midpoint of the
discontinuity as N → ∞.
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Average error power PeN =
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PeN → 0 monotonically as N → ∞.

Gibbs phenomenon

If u(t0) has a discontinuity of height h then:

• uN (t0) → the midpoint of the
discontinuity as N → ∞.

• uN (t) overshoots by ≈ ±9%× h at
t ≈ t0 ±

T
2N+1 .
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n=−N Une
i2πnFt

Approximation error: eN (t) = uN (t)− u(t)

Average error power PeN =
∑

|n|>N |Un|
2
.

PeN → 0 monotonically as N → ∞.

Gibbs phenomenon

If u(t0) has a discontinuity of height h then:

• uN (t0) → the midpoint of the
discontinuity as N → ∞.

• uN (t) overshoots by ≈ ±9%× h at
t ≈ t0 ±

T
2N+1 .

• For large N , the overshoots move
closer to the discontinuity but do not
decrease in size.
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If the coefficients, Un, decrease rapidly then only a few terms are
needed for a good approximation.
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If u(t) is only defined over a finite range, [0, B], we can make it periodic
by defining u(t±B) = u(t).

• Coefficients are given by Un = 1
B

∫ B

0
u(t)e−i2πnFtdt.
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• Symmetry around t = 0 means coefficients are real-valued and
symmetric (U−n = U∗

n = Un).
• Still have a first-derivative discontinuity at t = B but now we have

no Gibbs phenomenon and coefficients ∝ n−2 instead of ∝ n−1 so
approximation error power decreases more quickly.
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δ(x) is the limiting case as w → 0 of a pulse w wide and 1
w

high
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δ(x) is the limiting case as w → 0 of a pulse w wide and 1
w

high
It is an infinitely thin, infinitely high pulse at x = 0 with unit area.
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It is an infinitely thin, infinitely high pulse at x = 0 with unit area.
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◦ Complex-valued spectrum, U(f), decays to zero as f → ±∞
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2 = EuEv



Correlation

Fourier Series and
Transforms
Revision Lecture

• The Basic Idea

• Real v Complex

• Series v Transform

• Fourier Analysis

• Power Conservation

• Gibbs Phenomenon

• Coefficient Decay Rate

• Periodic Extension

• Dirac Delta Function

• Fourier Transform

• Convolution

• Correlation

E1.10 Fourier Series and Transforms (2015-6200) Revision Lecture: – 13 / 13

Cross-correlation:
w(t) = u(t)⊗ v(t) ⇔ w(t) =

∫∞
−∞ u∗(τ − t)v(τ )dτ

[In the integral, the arguments of u∗( ) and v( ) differ by t]

⊗ is not commutative or associative (unlike ∗)

Cauchy-Schwartz Inequality ⇒ Bound on |w(t)|

• For all values of t: |w(t)|2 ≤ EuEv

• u(t− t0) is an exact multiple of v(t) ⇔ |w(t0)|
2 = EuEv

Normalized cross-correlation: w(t)√
EuEv

has a maximum absolute value of 1
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Cauchy-Schwartz Inequality ⇒ Bound on |w(t)|

• For all values of t: |w(t)|2 ≤ EuEv

• u(t− t0) is an exact multiple of v(t) ⇔ |w(t0)|
2 = EuEv
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EuEv

has a maximum absolute value of 1

• Cross-correlation is used to find the time shift, t0, at which two
signals match and also how well they match.
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Cross-correlation:
w(t) = u(t)⊗ v(t) ⇔ w(t) =

∫∞
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[In the integral, the arguments of u∗( ) and v( ) differ by t]

⊗ is not commutative or associative (unlike ∗)

Cauchy-Schwartz Inequality ⇒ Bound on |w(t)|

• For all values of t: |w(t)|2 ≤ EuEv

• u(t− t0) is an exact multiple of v(t) ⇔ |w(t0)|
2 = EuEv

Normalized cross-correlation: w(t)√
EuEv

has a maximum absolute value of 1

• Cross-correlation is used to find the time shift, t0, at which two
signals match and also how well they match.

• Auto-correlation is the cross-correlation of a signal with itself: used to
find the period of a signal (i.e. the time shift where it matches itself).
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