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A �lter is a 
ir
uit whose gain varies with frequen
y. Often a �lter aims to

allow some frequen
ies to pass while blo
king others.

� Radio/TV: a �tuning� �lter blo
ks all frequen
ies

ex
ept the wanted 
hannel

� Loudspeaker: �
rossover� �lters send the right

frequen
ies to di�erent drive units

� Sampling: an �anti-aliasing �lter� eliminates all

frequen
ies above half the sampling rate

� Phones: Sample rate = 8 kHz : �lter

eliminates frequen
ies above 3.4 kHz.

� Computer 
ables: �lter eliminates interferen
e

[Wikipedia℄
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Y
X =

1/jωC

R+1/jωC
= 1

jωRC+1 =
1

jω
p
+1

Corner frequen
y: p =
∣

∣

b
a

∣

∣ = 1
RC

Asymptotes: 1 and

p
jω

Very low ω: Capa
itor = open 
ir
uit

Very high ω: Capa
itor short 
ir
uit
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A low-pass �lter be
ause it allows low frequen
ies to pass but attenuates

(makes smaller) high frequen
ies.

The order of a �lter: highest power of jω in the denominator.

Almost always equals the total number of L and/or C.
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Y
X = R+1/jωC

4R+1/jωC
= jωRC+1

jω4RC+1 =
jω
q
+1

jω
p
+1

Corner frequen
ies: p = 1
4RC , q = 1

RC

Asymptotes: 1 and

1
4

Very low ω:

Capa
itor = open 
ir
uit

Resistor R unatta
hed. Gain = 1

Very high ω:

Capa
itor short 
ir
uit

0.1q p q 10q

-10

-5

0

ω

Cir
uit is potential divider with gain 20 log10
1
4 = −12 dB.
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Inverting ampli�er so

Y
X = −

3R||(R+1/jωC)
R = −

3R(R+1/jωC)
R×(3R+R+1/jωC)

= −3× R+1/jωC

4R+1/jωC
= −3× jωRC+1

jω4RC+1

Same transfer fun
tion as before ex
ept ×− 3 = +9.5 dB.

Advantages of op-amp 
r
uit:

1. Can have gain > 1.

2. Low output impedan
e - loading

does not a�e
t �lter

3. Resistive input impedan
e - does

not vary with frequen
y

0.1q p q 10q

0
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10

ω
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Y
X = −

1/jωC

R = −
1

jωRC

Capa
itor: i = C dvC
dt

i = x
R = −C dy

dt

dy
dt = −1

RCx
∫ t

0
dy
dt dt =

−1
RC

∫ t

0
xdt

y(t) = −1
RC

∫ t

0
xdt+ y(0)

0.1 1 10
-20

0

20

ω RC

Note: if x(t) = cosωt
∫

cos(ωt)dt = 1
ω sin(ωt) ⇒ gain ∝

1
ω .

We 
an limit the LF gain to 20 dB:

Y
X = −

10R||1/jωC

R = −
10R×1/jωC

R(10R+1/jωC)

= −
10

jω10RC+1

(

ωc =
0.1
RC

)
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Y
X = R

R+1/jωC
= jωRC

jωRC+1

Corner Freq: p = 1
RC

Asymptotes: jωRC and 1

Very low ω: C open 
ir
uit: gain = 0

Very high ω: C short 
ir
uit: gain = 1

We 
an add an op-amp to give a

low-impedan
e output. Or add gain:

Z
X =

(

1 + RB

RA

)

×
jωRC

jωRC+1

0.1p p 10p
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-20
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Y
X = R2+jωL

1/jωC+R1+R2+jωL

= LC(jω)2+R2Cjω

LC(jω)2+(R1+R2)Cjω+1

= jωC(jωL+R2)

LC(jω)2+(R1+R2)Cjω+1

Asymptotes: jωR2C and 1

Corner frequen
ies:

+20 dB/de
 at p = R2

L = 100 rad/s
−40 dB/de
 at

q =
√

c
a = 1√

LC
= 1000 rad/s

100 1k 10k

-40

-20

0

p q

ω

Damping fa
tor: ζ = b sgn(a)√
4ac

= qb
2c = q

2 (R1 +R2)C = 0.6.

Gain error at q is

1
2ζ = Q = 0.83 = −1.6 dB (+0.04 dB due to p)

Compare with 1st order:

2nd order �lter attenuates more rapidly than a 1st order �lter.
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100 1k 10k

-40

-20

0

ω

Asymptotes:

(

jω
p

)2

and 1

KCL � Y :

Y−X
1/jωC

+ Y−Z
1/jωC

+ Y−Z
R = 0 [assume V+ = V− = Z℄

⇒ Y (1 + 2jωRC)− Z (1 + jωRC) = XjωRC

KCL � V+:

Z
mR + Z−Y

1/jωC
= 0 ⇒ Z(1 + jωmRC) = Y jωmRC

Sub Y : Z (1+jωmRC)
jωmRC (1 + 2jωRC)− Z (1 + jωRC) = XjωRC

⇒
Z
X = m(jωRC)2

m(jωRC)2+2jωRC+1
= (jω/p)2

(jω/p)2+2ζ(jω/p)+1

Corner freq: p = 1√
mRC

= 996 rad/s, ζ = 1
2Q = pRC = 1√

m
= 0.6

Sallen-Key: 2nd order �lter without indu
tors. Can easily have gain >1.

Designing: Choose m = ζ−2

; C any 
onvenient value; R = ζ
pC .
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After mu
h algebra:

Z
X =

(1+m)((2jωRC)2+1)
(2jωRC)2+4(1−m)jωRC+1

=
(1+m)((jω/p)2+1)
(jω/p)2+2ζ(jω/p)+1

p = 1
2RC = 314, ζ = 1−m = 0.1

Very low ω: C open 
ir
uit

Non-inverting amp,

Z
X = 1 +m

Very high ω: C short 
ir
uit

Non-inverting amp,

Z
X = 1 +m 200 300 500

-40

-20

0
 m+1 = 5.6dB 2ζp

ω (rad/s)

At ω = p,

(

jω
p

)2

= −1: numerator = zero resulting in in�nite attenuation.

The 3 dB not
h width is approximately 2ζp = 2(1−m)p.

Used to remove one spe
i�
 frequen
y (e.g. mains hum � 50 Hz)

Do not try to memorize this 
ir
uit
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A dimensionless gain,

VY

VX

, 
an always be written using dimensionless

impedan
e ratio terms:

ZR

ZC
= jωRC, ZL

ZR
= jωL

R ,

ZL

ZC
= −ω2LC.

Impedan
e s
aling:

S
ale all impedan
es by k:

R′ = kR, C ′ = k−1C, L′ = kL

Impedan
e ratios are un
hanged

so graph stays the same.

(k is arbitrary)

Frequen
y Shift:

S
ale rea
tive 
omponents by k:

R′ = R, C ′ = kC, L′ = kL
⇒ Z ′(k−1ω) ≡ Z(ω)

Graph shifts left by a fa
tor of k.

10 100 1k 10k

-30

-20

-10

0

ω rad/s

♠♥

k = 20

k = 5

Must s
ale all rea
tive 
omponents in the 
ir
uit by the same fa
tor.
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Change LR 
ir
uit to RC:

Change R′ = kL, C ′ = 1
kR

⇒
ZR′

ZC′

= jωR′C ′ = jωL
R = ZL

ZR

Impedan
e ratios are un
hanged

at all ω so graph stays the same.

(k is arbitrary)

Re�e
t frequen
y axis around ωm:

Change R′ = k
ωmC , C ′ = 1

ωmkR

⇒
ZR′

ZC′

(

ω2

m

ω

)

=
(

ZC

ZR
(ω)

)∗

(a) Magnitude graph �ips

1k 10k 100k 1M

-30

-20

-10

0

ω rad/s

♦♣

k = 106

k = 0.1, ωm = 20 k

(b) Phase graph �ips and negates sin
e ∠z∗ = −∠z.

(k is arbitrary)
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• The order of a �lter is the highest power of jω in the transfer fun
tion

denominator.

• A
tive �lters use op-amps and usually avoid the need for indu
tors.

◦ Sallen-Key design for high-pass and low-pass.

◦ Twin-T design for not
h �lter: gain = 0 at not
h.

• For �lters using R and C only:

◦ S
ale R and C: Substituting R′ = kR and C ′ = pC s
ales

frequen
y by (pk)
−1

.

◦ Inter
hange R and C: Substituting R′ = k
ω0C

and C ′ = 1
kω0R

�ips the frequen
y response around ω0 (∀k).

Changes a low-pass �lter to high pass and vi
e-versa.

For further details see Hayt Ch 16 or Irwin Ch 12.
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