Ver 1505 E1.1 Analysis of Circuits (2012)

E1.1 Circuit Analysis
Problem Sheet 4 - Solutions

1. (a) 8, (b) 3— j4 = 5/ —0.93 (=53°), (c) 1.4 + j1.4 = 2/0.79 (45°), (d) —j8 = 8/ — 1.57 (90°),
() —2 = 2/3.14 (45°), (f) 4, (g) 2.12+ j2.12 = 3.0.79 (45°).
)

2. (a) coswt, (b) —2coswt = 2cos (wt + ), (¢) —3sinwt = 3cos (wt + 5), (d) 4sinwt = 4 cos (wt — ),
(e) —coswt — sinwt = 1.4cos (wt + 2), (f) 3coswt + dsinwt = 5cos (wt — 0.93), (g) —2sinwt =
2cos (wt + ), (h) 3.46 coswt + 2sinwt = 4 cos (wt — %).

3. (a) coswt by 7, (b) sin (wt + ) by F, (c) sin (wt — m) by 7: note that sin (wt + 7) and sin (wt — 7)
are actually the same waveform, (d) (1 +j) by 0.322rad, (e) (1+4) by %, (f) (=1—j) by 7,
(g) 1 by 10°. Because angles are only defined to within a multiple of 360°, you always need to be
careful when comparing them. To find out which is leading, you need to take the difference in phase
angles and then add or subtract multiples of 360° to put the answer into the range +180°. Note
that a sine wave is defined for all values of ¢ (not just for ¢ > 0) and so there is no such thing as the
“first peak” of a sine wave.

4. i=C9% . dvi5 3000 V/s for the first 4ms and —6000 V/s for the next 2ms. So i = +15 or —30mA.
(see Fig. 4)
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5. For averages (or equivalently DC) capacitors act as open circuit and inductors as short circuits.
X, the average value of x(t) is 4. So this gives (a) Y =3, (b)Y = X =4, (¢) Y = X = 4,
(d)Y=3X=2.

6. 4+4=28. 8|[8=4. 444 =8. 24||8 = 6mH.

7. C9 and Cqg are short-circuted and play no part in the circuit. We can merge series and parallel
capacitors as follows: Cy5 = 0.5, C7g = 2, Cy3 = 2. Now merge Cyswith Cs to give Cy56 =
1.5 and merge this with C7 g = 2 to give Cy56,78 = g. Now merge this with Cy 3 = 2 to give
Ca3.456,78 = 2—70. Finally merge this with C; =1 to give C' = % uF.

8. To determine average values, we can treat C' as open circuit and L as short circuit. The original
circuit simplifies to that shown in Fig. 8. So we have a simple potential divider and v = %ﬂ =1V
where the overbar denotes “average value”.
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9. To determine average values, we can treat C' as open circuit and L as short circuit. The original
circuit simplifies to that shown in Fig. 9 and so v = u = 8V where the overbar denotes “average
value”.

10. Z = Rs + Rp|ljwL. (a) Z = Rg = 10, (b) Z = 10 + 10000|[100j = 11 + 1005 = 100.6/83.7°,
(¢) Z = 10+ 100002005 = 14 + 2004 = 200.4/86°, (d) Z = 10010.
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11.

12.

13.

14.

15.

16.

17.

We denote the impedance by Z and the admittance by Y = % (a) Z =144+192j and Y =
0.25 -0.33j, (b) Z =4—3j and Y = 0.16 + 0.12, (¢) Z = 4 and Y = 0.25. Notice that the
imaginary part of the impedance (the reactance) is positive for inductive circuits and negative for
capacitive circuits, but that the imaginary part of the admittance (the susceptance) has the opposite
sign. In part (c), the impedances of the inductor and the capacitor have cancelled out leaving
an overall impedance that is purely real; because the impedances are frequency dependent, this
cancellation will only happen at one particular frequency which is called the network’s “resonant
frequency”. I stronly advise you to learn how to do these complex arithmetic manipulations using
the built-in capabilities of the Casio fx-991.

v=L% 445 3A/s for the first 4ms and —6 A /s for the next 2ms. So v = +6 or —12mV. (see
Fig. 12)

The phases of the currents relative to the voltage will be Zi; =0, —F < Ziz <0, Ziz = +7 as the
CIVIL mnemonic reminds us. Thus ¢3will have the most positive phase shift. It follows that iy =
2 cos (wt + g), iy = V/8coswt and iz = 5 cos (wt + ?jf) As phasors these are [ = 1.44j1.4 = 2/45°,
I, =238, Is = —3.5 + j3.5 = 5/135°. Adding these together gives I = 0.71 + j4.95 = 5/1.43 (82°).
So i(t) = 0.71 coswt — 4.95sinwt = 5 cos (wt + 1.43) A.

7 = %fvdt where v = 3000¢ for 0 < ¢t < 4ms and v = 36 — 6000t for 4ms < ¢ < 6ms (obtain
this formula by finding the straight line equalling 12 at ¢ = 4ms and 0 at ¢ = 6ms). So, for
the first segment, ¢ = % x 1500t% which reaches 12A at t = 0.004. For the second segment,
1= % X (36t — 3000162) + c¢. To find ¢, we force i = 12 at ¢t = 0.004. This gives ¢ = —36 A. When
t = 0.006 we then get ¢ = 18 A. For part (b), we just add 2 A to the curve. (see Fig. 14)

v =2 [idt where i = 3t or i = 36 x 1073 —6¢. So, for the first segment, v = & x 1.5t> which reaches
4.8V at t = 0.004. For the second segment, v = % X (36 x 1073t — 3t2) + a. To find a, we force
v = 4.8 at t = 0.004. This gives a = —14.4V. When ¢t = 0.006 we then get v(t) = 7.2V. For part
(b), we just subtract 5V from the curve. (see Fig. 15)
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(a) The duty cycle is 0.25 = 25%, (b) Z = v = + x 20 = 5V, (¢) ig = & = 5mA, (d) Since
ic =0, i, = ip = 5mA, (e) The voltage across the inductor is v — z = L%LL. So when v = 20,
%L = 1—L5 = 7.5kA/s. So the total change in i; over the 1us interval is 7.5mA. It follows that
i varies from its average value of 5mAby +3.75 mAand has minimum and maximum values of 1.25
and 8.75mA (see Fig. 16(a)). (f) Average powers are Pr = 25mW, P, = P = 0. Max powers
are Pp = 26mW, P;, = vpip = 15 x 875 = 131.25mW, Po = voic = 5 x 3.75 = 18.75 mW.
Min powers are Pp = 25mW, P = vpip = —5 x 875 = —43.75mW (see Fig. 16(b)), Pc =
voic = 5 x —3.75 = —18.75mW (see Fig. 16(c)). Note that during the time that it is positive
(0.5 < t < 2.5ms), the average value of i is 7¢ = 1.375mA and so the total rise in vc will be
Ave = €8t = L3BX2 — 975mV (ie. +£138mVaround its mean) which is small compared to its

10
mean value of 5V; this justifies the assumption that it is constant.
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When z changes from low to high, y will change from high to low. The maximum current is 2mA

Elo) % = —& = —50MV/s. So the time to fall from 5V to 1.5V is % x 107% = 70 ns.
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