Ver 8284 E1.1 Analysis of Circuits (2018)

E1.1 Circuit Analysis
Problem Sheet 7 - Solutions
1. The propagation velocity (from page 17-4 of the notes) is u = 4/ ﬁ = 2x 108 m/s which is % of the

speed of light. The characteristic impedance is Zy = é—g = 100€2. These are typical characteristics
for the twisted pair cable used in computer networks.

2. The reflection coefficients is given by p = ﬁ;gg where R is the Thévenin impedance at the relevant

end of the line. This gives (a) ps = —0.818, p;, = 0 so a pulse at Vg will travel down the line as a
forward wave and stop when it reaches the load (no reflections), (b) ps = —0.818, pr, = 0.818 so a
positive pulse at Vg will travel down the line as a forward wave, be reflected at x = L and travel
back towards the source as a backward wave. When it reaches = = 0 it will be reflected and inverted
and will result in a negative pulse traveling as a forward wave. This whole process will be repeated
for ever and you will get an infinite sequence of pulses each one smaller than than the previous one,
(¢) ps = 0, pr, = 0.818 so a positive pulse at Vg will travel down the line as a forward wave, be
reflected at = L and then travel back towards x = 0 where it will stop.

3. Since the voltage source is DC, f() and g() will be constants and the waves will be independent of
x and t. From Ohm’s law, we know that the voltage and current in the line are 10V and 0.2 A so
we must have f 4 g =10 and f — g = 0.2 x 100 = 20. Solving these two equations gives f = 15 and
g = —b5. As we would expect, the ratio % = —0.333 is equal to the reflection coefficient at the load.
The power carried by the two waves is é—i = 2.25 W and %—z = 0.25 W and the difference between
these does indeed equal the power absorbed by the load: % =2 W.

4. Atz =0, vo(t) = f(t) + g(t) and io(t) = Z; ' (f(t) — g(t)) which gives the waveforms shown in
Fig. 4(a). The peak voltage and current are 9 V and 90 mA respectively. At z = 300 cm, f (t — %)
is delayed by 20 ns while g (t + %) is advanced by the same amount. The new voltage and current
waveforms are as shown in Fig. 4(b). The forward and backward waves now overlap and the peak
voltage and current are 12 V and 60 mA respectively.
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a) pL = Too1s0 = 0-33, o = G380 = —L-
b) In the steady state we must have V' =10 V and I = 0.1 A which means that f + ¢ = 10 and
f—9g=0.1Zy =5. We can solve these two equations to give f = 7.5 and g = 2.5.
(¢) From the notes (page 17-11) the forward wave is the sum of an infinite number of copies of the
input signal; each extra copy is delayed by an additional round-trip propagation delay (% = 40 ns)
and multiplied by an additional factor p;po = —0.33. This is shown in Fig. 5; the input signal jumps
to 10 V when the switch is closed and stays there forever. Onto this is added a copy of the input
signal delayed by 40 ns and multiplied by —0.33 which means that f(¢) jumps to 6.67 at ¢t = 40 ns.
With pulse waveforms, it is sometimes easier to keep track of the changes in the signals rather than
their absolute values. In this case, the input signal only changes once: by +10 V at ¢t = 0. It follows
that f(t) will have a change of 410 at ¢ = 0 followed by a change of 10p,p90 = —3.33 at t = 40
followed by a change of 10 (pro)2 = 1.11 at t = 80 followed by a change of 10 (pro)?’ = —0.37 at
t = 120 and so on.
So, f(0) = 10, f(40) = 6.67, f(80) = 7.78, f(120) = 7.41, f(160) = 7.53, f(200) = 7.49, f(240) =
7.5), ---. As we can see, f(t) — 7.5 as predicted in part (a).
g(t) = prf(t — %) is just the same as f(t) but delayed by the round-trip propagation delay and
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multiplied by p; = 0.33.

The voltage waveform at z = 0 is equal to f(¢) 4+ ¢g(t) and has a constant value of 10 V for ¢t > 0 as
is obvious from the circuit.

The voltage waveform at © = Lis vr,(t) = fr(t)+gL(t) = f(t—20)+g(t+20), that is, the sum of f(t)
delayed by 20 ns and g(t) advanced by 20 ns. This reaches a peak value of 10 (14 pr) = 13.3 V.

6. Note that the propagation velocity in SI units is 20 x 107 m/s. At 20 MHz the wavenumber is

k=<= % = 0.628 rad/m or, equivalently, the wavelength is A\ = 7= 2% = 10 m. The

impedance of the line at z = 0, which we will call Z, is, by definition, equal to the phasor Z =

‘I/—g = % Because the line is short circuited at x = L, the reflection coefficient at x = L
0 0—Go

is p;, = —1. Gy and Fy are related by Gy = Fopre 27%E: the py, factor comes from the reflection
at © = L and the e~ 2/%L factor is the phase shift arising from the time delay for the wave to travel
from x = 0 to £ = L and back again. Substituting for G in the previous expression for Z gives

L F —2jkL 1 _ e—2jkL e JkL (kL _ o—jkL
7= gy Pt Fopre™ ) 1—eT®E ) eI (e : ):jZotankL
FO _ FOpLe—Q_]kL 1+ e—2]kL e—]kL (e]kL + e—JkL)

which leads to L = ”7)‘ + %tanfl % where the % term arises because tan() repeats every m. We
want to choose L so that (a) Zr = 555 = —159; or (b) Zr = jwL = 1267 and in each case choose
n to make L as small as possible while still remaining positive. This gives (a) L = 3.39 m and (b)

L =1.43 m.

7. (a) The wavelength is A = % = ggi}g; = 4 m which means that we get a phase shift of —F for every
w 27

metre we move along the line. Equivalently k = % = =t = 1.571 rad/m. Thus at 2 =0, 1, 2, 3, 4, 5,

u

F, = Fye 7k = 64, 6, —6j, —6, 65, 6. Notice that the phase repeats every 4 m since this is one
wavelength.

(b) The reflection coefficient at x = L is pr, = gi;gg = —0.333.
(c) It follows that Gr, = pp Fr, = —0.333 x 6 = —2. As with F, in part (a), G, will get a phase shift

of —% for every metre we move backwards along the line towards z = 0, i.e. G, = Gpe Ik(L—2),

If you substitute for Gy you can write this as G, = pLFLe_jk(L_z) = pLFOe_jkLe_jk(L_m) =
prFoe 7*CL=2) Thus at x =0, 1, 2, 3, 4, 5, Gy = 27, —2, =25, 2, 2j, —2.
(d) Vo, =F, +Gz,s0at 2 =0,1,2,3,4,5 V, = 8j, 4, —8j, —4, 85, 4. We can see that when F,
and G, are in phase (at = 0, 2, 4) their magnitudes add to give |V;| = 6 + 2 = 8 whereas when
they are out of phase (at x = 1, 3, 5) the subtract to give |V, | =6 —2 = 4.
(e) From part (d), the VSWR. is § = 2. Because |G| = |pr||Fx|, the VSWR is }J_r‘lZL‘ which, if you

1= Ll
express pr, in terms of Ry, equals max (%, %) = max (0.5,2) = 2.
(f) The line impedance at = 0 is ‘I/—g = ZO% = Zo%. = Zy x 2 =200.

(a) The forward wave is unaffected so F, = Fpe ™% = 65, 6, —65, —6, 65, 6 as before.

(b) The line termination is matched and the reflection coefficient is now 0.

(c) It follows that G, = 0Vz.

() Ve =F,+G,=F,+0=F,, soV, =6j, 6, —6j, —6, 67, 6.

(e) |V,| is always equal to 6 and so the VSWR equals 1, its minimum possible value. Measuring the
VSWR gives a way of telling when a line is matched without having to measure either Zy or Ry,.
(f) The line impedance at z =0 is ‘I/T? = Zogg%gg = ZO% = Zy = 100.

9. (a) We have A = 7.5 m and k = 2T = 0.838. The reflection coefficient is p;, = gilgg = 0.2. Hence
Go = pre 2k = —0.0209 — 0.1989;.
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(c) Hence Vp = Vs 525— =10 x (0.911 — 0.033;) = 9.11 — 0.33;.
(d) Since Vy = Fy + Go = Fy (1 + %’), we can write Fy = 1J:/‘2;

F; = Fye 7% = 7.13 — 5.69j. We can now calculate G, = pp F;, = 1.43 — 1.14j and then work out
Vi, = Frp + G = 8.56 — 6.83;. Notice that once you know F and G at one point on the line, you
can easily calculate their values at any other point whereas V' varies in a rather more complicated

=100 x (0.8874 — 0.36775) = 88.74 — 36.77j = 96.06£ — 22.5°.

9.00 + 1.495. From this we get

T =
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manner; because of this, we convert from V' to F', then move F' to a different place and convert back
to V again.

(e) The complex power supplied by the source is

~ 2
‘VS‘ vt 50
(Rs+ Z7)*  (Rs+ Zr)"  98.7+ 36.8;

=0.445 — 0.1665 VA

You might expect this to be purely real because the circuit appears to contain only resistors;
however, there are implicit capacitors and inductors in the transmission line.
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