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I nformation for Candidates:

Notation: Unless explicitly indicated otherwise, digital circuits throughout this paper are
drawn with their inputs on the left and their outputs on the right. The notation
X2:0 denotes the three-bit number X2, X1 and X0. The least significant bit of a
binary number is always designated bit 0. Sgned binary numbers use 2's
complement notation.
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1. (8 Figure 1.1 shows the state table for a state machine which has a single input A
and a state that is represented by the value of the unsigned 2-bit number S1:0. The
table entries are of the form D1,D0/ X,Y where D1:0 denotes the next state and X
and Y are the output signals during the current state. State transitions occur on the
rising edges of CLOCK which, for convenience, have been shown as numbered
dashed linesin Figure 1.2.

(i) Draw the state diagram for the circuit

(i) Complete the timing diagram shown in Figure 1.2 by showing the state of
the circuit during each clock cycle as a decimal number and the waveforms
of X and Y. The state machineisinitially in state O as shown.

S1,50 | A=0 A=1
00 01/00 10/00
01 0v11 11/11
10 01/10 11/00
11 00/01 11/01
Figure1.1
1 2 3 4 5 6 7
CLock _ [ L[ L J L LI L L
A L |
S1:0 0
X
Y
Figure1.2
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(b) Inthe circuit of Figure 1.3 the propagation delays of the leftmost flipflop and the
logic block are are t, and ty respectively. The rightmost flipflop has setup and

hold times of t, and t,,. The clock signal C issymmetrical with period T .

(i) Writethe setup and hold inequalities that apply to the rightmost flip-flop. [5]

(i) Find the maximum clock frequency for the circuit if the timing parameters [3]
(inns)arel t, =2,t;=11t, =5 and 7<ty <23

t ty

1D Logic 1D
> C1 > C1

Figure 1.3

(c) Figure 1.4 shows a digital-to-analogue converter whose input is a 3-bit unsigned
binary number X2:0. Each of the three switches is labelled with the input bit that
controls it and all switches are shown in the position corresponding to an input
value of 0. Theinput voltageis Vg =1 volt as shown.

(i) Determine the value of |, and explain why it is the same for both positions [4]

of the switch X2.
(i) Caculatethe value of Vo, when the input number X2:0 has the value 6. [4]
X2
V=1V 20k 1, 20k
l I
10k 1 Vour
E 20k l, ——e
L C e
10k 4
20k 1, X0 —
E > |
L n
20k llo
L L
Figure 1.4
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(d) A carry-lookahead adder is used to add together two 4-bit binary numbers X3:0
and Y 3:0. The carry out of adder stage 1 is generated using either of the following
equivalent expressions:

Cl=G1+P1-G0O+P1-PO-Cl
= G1+P1.(G0+P0-Cl)

where CI is the carry into the least significant adder stage and Gn and Pn are
defined by Gn=Xn-Yn and Pn=Xn+Yn.

(i) Determine the maximum propagation delay from any X or Y input to C1
separately for each of the two expressions given above. Assume that AND
and OR gates each have adelay of 1 unit.

(i) Giveasimilar expression for C2, the carry out of stage 2, and determine the
propagation delay from any X or Y input when it is implemented from an
unfactorized expression.

(e) X7:0is an 8-bit unsigned number in the range 0 to 255. Determine the decimal
number range or ranges of values of X7:0 for which the following expressions are

true:
(i) X7-X6-X5
(i) X6®X5
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2. A state machine that controls a vending machine has three input signals A, B and C
which go high for one clock cycle following the insertion of 10p, 20p and 50p coins
respectively. At most one of A, B and C is ever high at a time and their transitions
occur shortly after the CLOCK rising edge. The state machine has three outputs, X, Y
and Z which respectively dispense a chocolate bar and give 10p and 20p coins as
change. Figure 2.1 shows the state diagram for the vending machine; the outputs are all
low except where indicated on transition arrows.

(@ Complete the timing diagram shown in Figure 2.1 showing the sequence of states,
S2:0, as adecimal number and the waveforms of X, Y and Z.

(b) Deduce the cost of achocolate bar.
(c) Givesimplified Boolean expressionsfor X, Y and Z.

(d) Draw arevised state diagram for a state machine having the same input and output
signals as before but with a chocolate bar price of 40p. The outputs Y and Z must
never be high simultaneously.

A A
5 A m B
A
B
Default; X=Y=2=0

B/
X A/X.BIXY /Z

4 LA 5 \_CIXZ °
CIXY

1 2 3 4 5 6 7
CLOCK I
A
B _
C
S2:0 0
Figure2.1
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3. The circuit of Figure3.1 consists of an adder (X), a subtractor (A), a 2-bit counter
(CTR2), an AND gate and three registers. The two registers that include a clock enable
input ignore CLOCK edges whenever EN=0. The output of the subtractor is given by
D=P-Q. Thesignals S, D, W, X, Y, Z represent multi-bit signed binary numbers whose
decimal values during clock cycle n are denoted by s(n),d(n),---,z(n) respectively.
All signal transitions occur shortly after the rising edge of CLOCK.

(@ Complete the timing diagram of Figure 3.1 by giving the value of B1:0 in each
clock cycle, the waveform of EN and the values of x, y and z in each clock
cycle. The vertical dashed lines denote CLOCK rising edges and the clock cycles
are numbers 1 to 13 for convenience. The initial values of B1:0, x, y and z are

zero as shown. Y ou may assume that the adder and subtractor never overflow.

(b) The registers and counter have a propagation delay of 10 ns and setup/hold times
of 5ns and 2 ns respectively. The AND gate has a propagation delay of 3 ns and
the adder/subtractor circuits have a propagation delay of 18 ns. Determine the
maximum clock frequency.

k-1
(c) Show that x(k)= Zw(n) and that y(4m)=x(4m-4) where k and m are
n=1
positive integers.

(d) Derive an expression for z(4m) in terms of w(n) and, for m=3, compare your
solution with the answer given in part (a).

CTR2
B1

>+ 1
Jﬁ CT{O BO | & =N
cLocK T
L 4
L LGz
G2
> C1 >~ 2C1

z
W A > 2C1
——/1Q s A C x B Oy
X S 1D 1D Q D ~ Lz
1P S0 1D A=
X
n 1 2 3 4 5 6 7 8 9 10 11 12 13
w -17 6 -26 7 5 -1-4-3-10
B1:0
EN
X 0
y 0
z 0

Figure 3.1
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4.  Figure 4.1 shows a 4-bit analogue-to-digital converter (ADC). The circuit consists of a
2-bit flash ADC (labelled ADC1) whose output is used to select the reference voltages
of a second, 3-bit, flash ADC consisting of a resistor chain, five comparators and a
logic block. The unsigned values of R1:0 and P2:0 are r and p respectively. The logic
block outputs are: P2=B-C-D, P1=A-B-D+B-D-E and PO=A®B®CO®D®E.
The output of thefirst ADC, r, and the resultant voltages at Y and Z are given by:

Input Voltage X (Volts) | X<—+4 —4<X<0 0<X<+4 +4<X
ADC1 Output, r 1 2 3 0
VoltagesY and Z (Volts) | 8,4 0,4 0, +4 +8, +4

(@

(b)

(©)

(d)

Complete atruth table giving the decimal value of p for the each of the following

ten combinations of A, B, C, D, E: 00000, 10000, 11000, 11100, 11110, 11111,
01111, 00111, 00011, 00001.

If the switches are fixed in the position shown (i.e. Y=0 and Z=—4 volts)
determine which of the combinations of A, B, C, D, E from part (a) might occur
and the range of X voltages that will result in each. Hence show that, for -5<X<1,
the value of P2:0 is given by p=5+floor(X) where floor(e) denotes rounding

down to the next lowest integer (e.g. floor(-1.5) =-2).

Find a similar expression for p if the switches are instead in the position
corresponding to r =3 (i.e. Y=0 and Z=+4 volts).

The final output of the ADC is given by the four least significant bits of the sum
s= p+4r+3. Show how s may be generated from R1:0 and P2:0 using asingle
4-bit adder.

P1

ADC1 i R

PO

+8V ———o0 R

3
OV'__—{:z//f Y > A
+

2
8V —— %,

Pyl
o fo{ to{ To{ 1o
I +
O
Logic Block
o
N
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2008 E2.1/I SE2.2 Solutions

Key to letters on mark scheme:  B=Bookwork, C=New computed example, A=Analysis of
new circuit, D=design of new circuit

1. (3

[5A]
I/O Signals: A/X,Y
1 2 3 4 5 6 7
CLOCK [ Y O
A L |
S1.0 0{ 2 {1 {3 i3:i04i1 [3A]
X R
Y
(b) The setup equationis:
th+ttg+ts<T = 2+23+11<T = T>36
The hold time equation is:
5C
th<tp+ty = 5<2+7 = 5<9[OK] [5€]
Hence T>36ns = f <27.8MHz [3C]

(© () 1,=1/20k=50u4A . It is independent of the switch position because both [4A]

sides of the switch are at ground potential: a true ground in one case and a
virtual earth in the other.

(i) The current into the op-amp summing junction is 75udA. Thus [4A]
Vo r =—75x10°x20x10° =-1.5 V
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(d) (i) The unfactorized expression has a propagation delay of 3 gates. one to
generate Gn and Pn, one to form the AND product terms and one to OR [4A]
them together. The factorized expression has a delay of 5 gates since PO,

PO-CI, GO+ P0-Cl, P1-(G0+ P0-Cl) and C1 must be formed in sequence.
(i) Theexpressionis [4B]
C2=G2+P2-G1+P2-P1-GO+P2-P1-PO-ClI
and the propagation delay in this form remains 3 gates.

(e (i) Thesmallest value is when X4:0 = 0 which gives 160. The largest value is
when X4:0 = 1 which is 160+31=191. Thusthe rangeis 160 to 191. [8A]

(i) There are two ranges according to whether X7 = 0 or 1. If X7 = 0, the
smallest value is 00100000 = 32 and the largest is 01011111 = 95. If X7 =1,
we just add 128 to these values. Thus the ranges are 32 to 95 and 160 to 223.
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2. (@ Thetimingdiagramis:

cLock _ [ L L[ L L 4 L
A [7A]

[3A]
(b) Youinsert 90p but receive 30p in change: 10p from state 4 and 20p from state 6.
Hence the cost of a chocolate bar is 60p.

(c) Expressionsfor the output signals (where digits represent states) are:
X=C-(1+2+3+4+5+B-(4+5+A-5 [5D]
=C-((S2®S1)+30)+S2- (A -S0+B-S1)
=C-32-(S1+90) +S2-S1- (A-S0+B+C)
Y=C-(2+4)+B-5
=C-S0-(S20S1)+B-S2-0
Z=C-(3+5)+6
=C-S0-(S2+S1)+S2-S1

[4D]

[3D]

These expressions assume that state 7 never arises.

(d) The easiest way to modify the state diagram is to just assume an initial credit of [8D]
20p and leave everything else the same. Thus all branches that used to go to state
0 now go to state 2. We then subtract 2 from each state number to give the
following:
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3. (@

(b)

(©)

(d)

In the timing digram, EN goes high whenever q=3 (i.e. when n isamultiple of
4). Thevaluesof y and z change on the next CLOCK rising edge.

n 1 2 3 4 5 6 7 8 9 10 11 12 13
W 6, -17 6 -26 7 5, -1-4-3-10
Q1:0 601 2 3 0,1 2 3 0 1 2 3
EN
X 0 6|5 12 18162229 34|33 29 26|25
\Y 0 0,0 O 1212 12 12 29,29 29 29 26
z 00 0 01212 12 12 17 17 17 17 -3

The worst case delay pathisY to D to Z.

Thisgives 10+18+5<T = T2>33 = f <30.3MHz

We can show the x(k) expression by induction since x(k) = x(k—21)+w(k —1)
and the proposition is true for k=1 since the sum is empty. A less formal but
logical argument will also be accepted.

From part (a), we see that y(4m) was stored at the end of cycle 4m—4 (which
was the last time EN was high). Thus y(4m) = x(4m-4) which is the required
result.
From the timing diagram, we see that:

z(4m) = X(4m—4) — y(4m—4) = x(4m—4) — x(4m-_8)

= 4rTfﬁw(n) = iw(4m— 4-r)= iw(4m—9+ k)
n=4m-8 r=1 k=1

For m=3, z(12) = w(4) +w(5) +wW(6) + W(7) = 6—2+6+7=17. This agrees with
the answer in part (a).
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4,

E2.1/ISE2.2 Digital Electronicsl|

(& p countsthe number of high inputs and the truth table is given by:
ABCDE p ABCDE p
00000 000=0 11111 101=5
10000 001=1 01111 100=4 [12A]
11000 010=2 00111 011=3
11100 011=3 00011 010=2
11110 100=4 00001 001=1
(b) Since Z<Y, the upper comparator outputs will go high in preference and so only
the rightmost column in the above table is possible together with the case 00000.
This gives the following table:
X X<4 4<X<-3 3<X<2 2<X<-1 —1<X<0 X>0 6
A
p 0 1 2 3 4 5 [6A]
fI(X) <4 —4 -3 -2 -1 0
From the table we seethat p=5+floor(X) isvalid for -5<X<1,
(c) SinceY<Z, only the leftmost column in the above table is possible together with
the case 11111. This gives the following table:
X X<0 0<X<1 1<X<2 2<X<3 3<X<4 X>4
p 0 1 2 3 4 5 [6A]
fI(X) <0 0 1 2 3 4
From the table we see that p =1+floor(X) isvalid for —-1<X<5,
(d) Wemay generate 4r + 3 by shifting r left by two bits and setting the two LSBs to
1. Thisgivesthe circuit below and we can use C3 as the fifth output bit, S4:
[6D]
PO z
0
P1
P2 P
S0
0—3 0 S1
) o ) S2
S3
| 3
rRo ! Q
R1 3
0——Cl C3 (54)

s can range from 3 to 20, so we need 5 bits to represent it as an unsigned number.
Although this was not part of the question, the converter output is taken as S3:0
interpreted as a signed 4-bit number which has the value s—16 when r >1 and s
when r =0 for -8< X <+8.
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