[E4.40, SO20]

Notation:

(@) ]_x—| denotes the smallest integer greater than or equal to x.

(b) log x denotes the logarithm to base 2.

1. A binary prefix code, C, maps input symbol x;, having probability p, into a
bit string C(x;) of length I, bits. We define L. = Z p.l; .

@) Explain what is meant by saying that C is a “prefix code” and show
that since this is the case, the lengths I, must satisfy > 27" <1. [4]

(b) Prove that L. > H(X), the entropy of the input symbols. You may
assume without proof that if g, is any other probability mass vector,

then D(pla) =" p;log(p, /q,)>0. [6]
(c) lfp=[0.65 0.1 0.1 0.05 0.05 0.03 0.02], calculate the
Shannon code lengths |, = |_— log pi—\and construct a code using

these lengths. Calculate L. for this code and also the entropy of
the source, H(X). [5]

(d)  Construct a Huffman code for the probability mass vector given in
part (c) and calculate L. [5]
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The random vector X, contains n independent identically distributed
elements each with alphabet X =[a,b,c] and probability vector
p=[06 02 0.2].

We define the “typical set” as T" = {x eX":|-n'log p(x)-H (X)‘ < g}.

(@)  Determine the entropy, H(X) where X refers to a single element
of X,,. [3]

(b) Describe the characteristics that distinguish the elements of T ™
from other vectors and determine the range of values of ¢ for
which the following vectors lie in T": (i) aabacabaca,
(i) aaaaaabbbb, (iii) aaaabbbccc, (iv) bbbbbccccc [5]

(c)  Calculate the mean and variance of Y, =—n>"log p(X;). Using the
i=1

approximation that Y, is normally distributed, calculate the value of
N, sothat vn> N, p(]Yn ~H(X)|> g)< & where =107, [6]
Note: If V is Gaussian with zero mean and unit variance then
p(v|>3.291)=10".

(d) When £=10"° prove that the size of T” is bounded by
(1-£)2" M0 < T
determined in (c) above. For n= N, determine the logo of (i) the

ratio between these bounds and (ii) the ratio of the upper bound to
the total number of strings of length n. [6]

<209 when n is greater than the N,
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For a discrete memoryless channel with input X and output Y, the
capacity is C =max 1 (X;Y) where the maximum is taken over all
Px

probability mass vectors, p, for X.

Throughout this question, the input alphabet X =[01] and p, =[1-u,u].

(@)

(b)

()
(d)

()

Suppose that the channel is a binary symmetric channel with output

f
alphabet Y =[0,1] and transition probability matrix Q,, :(? gj

where f +g =1. Derive an expression for 1(X;Y) and show that
this is maximized when u=2%.

Suppose that the channel is a binary erasure channel with output
alphabet Y =]0, e, 1] and transition probability matrix

g f O . .
Qyx = 0 f g where f +g =1. Derive an expression for

I (X;Y) and show that this is maximized when u=2%.
Show that if H is the entropy of X, then (;—H: log(u™-1).
u

Suppose that the channel is a “Z channel” with output alphabet
1 0
Y =X and transition probability matrix Q4 :(f gj where

flg

f +g=1. Show that I(X;Y) is maximized when u=———.
1+gf ''?

For the channel of part (d), determine C and the value ofu that

achievesi it for (i) f =0.99, (i) f =0.5 and (iii) f =0. Comment on
the significance of these results.
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The Gaussian random variable X has probability density function

P00 = (27) e "

(@)  Prove that the differential entropy h(X) =% log(27e). [4]
(b) Show that if the random variable Z , not necessarily Gaussian, has

probability density function f(z)and unit variance, then
h(Z) sl/zlog(27ze). You may assume without proof that D(f || p)>0. [4]

A

(c) X is a quantized version of X with E(X - )2)2 < Q. Justify steps (i)
to (v) of the following argument and say, for each inequality, the
circumstances under which equality will apply:

1(X;X)=h(X)=h(X | X)

0) A A
=Ylog27ze —h(X — X | X)

(i) ~

> Y2log27e —h(X — X)

(iii) R
> Ylog 27ze—1/zlog(27zeVar(X - X))
(iv)

> Ylog27e —Y210g 27eQ
)
I(X;X)> max(-%logQ,0)
Sketch a graph showing how this bound on 1(X; )2) varies with Q. [5]

(d) For a 1-bit quantizer, X =+k . Determine the value of k that
minimizes Q = E(X ~X )2 and find the resultant value of Q.

Compare this value of Q with the bound implied by part (c) and
outline how it would be possible to come closer to this bound. [7]
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A power-constrained Gaussian channel has input X and output Y =X +Z
where Z is independent of X and is zero-mean Gaussian with variance

N . The input power constraintis E X*<P.

In this question you may assume without proof that if V,,, is an n-

dimensional Gaussian random variable with covariance matrix K, then
h(V,,,) =%anlog 27e + ¥z log|K

(@)  Justify the steps labelled (i) to (iii) in the following equation:

h(Y | X)2h(X +Z | X) = h(Z | X) = h(Z) 3]

(b)  Justify the steps labelled (i) to (iii) in the following inequality and
state clearly the conditions under which equality will apply in step
(ii):
0
I(X;Y)=h(Y)—h(Y | X)
(ii)
< %log 27e(P + N )-%:log 27eN [4]
(iii)
= Ylog(L+PN ™)

(c) Suppose the same power-constrained input X is transmitted over
two Gaussian channels having noise variances N, and N, and

outputs Y, and Y, respectively. Determine an upper bound for
H(X3YL,Y). [7]

(d) If Y, and Y, are linearly combined as Y =aY, +(1—-a)Y,, calculate

the value of a that maximizes the capacity of the channel X —»Y
and find the resultant capacity. [6]
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Each pixel, x;, in a 64-pixel image can take one of four intensities 0, 1, 2
or 3 with equal probability where i=1,---,64. The pixel may be represented
as arising from a Markov process with transition probabilities

097 j=k .
for 1=1:63
0.01 k

i = P(X =k|[X = J):{

(@)  Show that the vector [Y4¥4Y4Y4]" is an eigenvector of the

transposed transition matrix and explain why this is significant. [2]
(b) Pixel values are encoded as 2-bit binary numbers and transmitted

over a memoryless binary symmetric channel having an error

probability of 0.001. Determine the probability that the entire image

IS received without error. [2]
(c) To encode the pixels differentially, we form y, = x, —x,_, where the

subtraction is performed modulo 4 and we take x, =0. Determine

the entropy of Y, for (i) i=1 and (ii) i>1. [3]

(d)  The pairs (y;,Y,,,) are jointly coded using codeword lengths of
[1,4,4,4,4,4,4,8,8,8,8,8,8,8,8,8] bits. Show that it is possible to construct
a prefix code with these lengths and explain how they should be
assigned to the pairs (y;,y,,) to minimize the expected codeword

length. With this assignment, determine the expected codeword
length for (i) (y,,y,) and (i) (y;,y,.,,) for i>2. [4]

(e)  Determine the probability of transmitting an encoded pair (y;, ¥;.,)

without error over the channel defined in part (b) above. Hence
determine the probability of transmitting the entire image over the
channel without error. [4]

()] If each encoded pair (y,,Y,,,) is transmitted three times and is

decoded by taking a majority decision at the receiver, determine the
expected number of bits used to transmit the image and the
probability of receiving the image without error. [5]
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(b)
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(d)
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A prefix code is one in which no codeword is a prefix of another.

If we form a binary tree and place each codeword at its
corresponding node, the prefix condition is precisely that no
codeword lies on the path to any other. If we label codewords on
the tree at depth | with the value 2™, then we can show recursively
that the sum of all codeword values below a particular node never

exceeds 2 and in particular the sum of the codewords below the
root node does not exceed 1. [4]

We define a new probability mass function as
g;=c'2" wherec=)2"<1
Then |
Le —H(X) =Z pl, +Z p; log p,
= E (~log 2™ +log p(X))= E, (~logca(X) +log p(X)) [6]
=E (Iogq—))(()j—logc: D(p|lg)-logc>0

Alternative proof using In(x) < x—1forx>0:

H(X)-Lc =) plogp 2™ =loge) p;Inp 2"

<log ezi: pi(pi’12"i —1): log e(ZZ"i —1j <0

|=[0.62 33 33 43 43 51 56|=[1 4 4 5 5 6 6]

This gives the codewords
[0 1000 1001 10100 10101 101100 101100]

And the expected length is Z p,l. =2.25bits. The entropy of the

source is Z— p, log p, =1.7652 bits so the Shannon code is not

especially good. [5]
The Huffman construction is

0.65 0.65 0.65 0.65 0.65 0.65 1
01 01 01 01 02 035
01 01 01 01

0.05 0.05 0.05 0.15 0.15

0.05 005 01

0.03 0.05

0.02
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This gives the codewords
[0 100 101 110 1110 11110 11111]

and an expected length of Z p;l; =1.85bits . [5]
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(@)  H(X)=> -plogp, =1371bits [3]
(b) The typical set consists of strings whose log probability is close to

the mean value. Since n™log p(x) = LY IogO 6+t log0.2 this will
n

be close to H(X) if the number of “a characters is close to 60% of

the total. Note that the relative numbers of “b” and “c” characters do
not matter since they have the same probability. Thus we have (i)
£>0 (i) €>0, (iii) £>0.317 and (iv) ¢>0.951. [5]

(c) E —log p(Xi):H(X):1.371bits.
Var(—log p(X Z p;log? p; — H?(X)=2.4824-1.8795 = 0.6029 bits

Hence the mean and variance of Y, are 1.371 and 0.6029n"*. From
the information in the question we want

£=10"°=3.8910 = 3.291,/0.6029n ™"
From this we get n=6.53x10° [6]

(d)  To obtain the lower bound we assume that all elements of T”

have the maximum possible probability and that the total probability
is as low as possible. Hence for n> N,

l-e<p(xeT™M)< szn(H (X)=2) = =n(HX)=2) T ()

XETS(H)

> (1_ g)zn(H(X)—f)

=N ‘Tg(”)

For the upper bound, we assume that all elements of T\" have the

lowest possible probability and that the total probability is as high
as possible (i.e. 1):

1= Z p(X) > Z p(X) > 22 n(H(X)+e) _ =2 n(H(X)+g)-I-(n)
xeT M xeT (™ &
SR

Plugging in the values, the logio of the ratio between the bounds is
n(H +&—-H +¢)log,, 2 - log,,(1- &) = 2nelog,, 2 — log,, (1 - &) = 3931

and the logjo of the ratio beween the upper bound and the total
number of strings is

n(H +¢)log,, 2—nlog,, 3=-418710 [6]
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(@8  We can calculate the probability vector
P, =Q'py=(g+(f—gu f—(f-gu)
We also see that since the rows of Q are permutations of each
other, H(Y | X)=H(f). Hence
H(X5Y)=H(Y)-H(Y[X)
= H(f - (f—g)u)-H(f)
=H(f-(2f —u)-H(f)
This is maximized when f -(2f -lJu=% = u=% [4]
(b)  This time it is easiest to decompose the other way:
H(X;Y) =H(X)-H(X]Y)
=H(X)-H(X|Y =¢e)p(Y =e)
=H(X)-H(X)f
=(@1-f)H(X)
This is clearly maximized by maximizing H(X), i.e. when u=%. [4]
: H(XGY)=H(Y)-H(Y [ X)
Alternatively:
=H([A-u)g f ugl)-H(f)
which is maximized when the two terms that depend on u are
equal.
(c) We can differentiate the expression for H(X) directly:
H =—(1-u)log(l—u)—ulogu
(il_H =log(l—u)+loge—logu—loge
u

[2]
=log(l—u)—Ilogu

=log(u™-1)

d) p,=Q'py=0-u+fu gu) =@C-gu gu)
HY | X)=0-u)x0+uH(f)
LOGY)=H(Y)-H(Y [ X)

= H(gu)-uH(f)

j_l = glog(gu™~1)-H(f)=glog(g"u™~1)+ flog f +glogg
u
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j—I:O = log(g™u™~1)=—log f "* —logg
u
g—lu—1_1= g—lf—f/g
g g 1+ gf ' 6
glut=g'f f/g+1=—gfgf/g o]
ff/g
U= ——
1+gf 9
I(X;Y)=H(X)-H(X|Y
Alternatively: ( ) X) (X1¥)

= H(u)-(1—ug)H (fu@l-ug)™

(e)  Substituting into the above expressions gives
(i) u=0.3684,C =0.0053, (ii)) u=04,C =0.3219. For (ii), we note that
the channel is now noise-free so u=05,C =1. As the channel
degrades, we send a slightly larger fraction of “0” bits but it is
interesting and surprising that u never decreases below e™. [4]
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(@) We can integrate directly:

h(X)=—(loge)[~ f(x)In f (x)dx

=—(log e)f; f (x)(—l/zx2 —1/zln(27z)) [4]

=¥s(loge)(In(27) + E(x?))

=Y(loge)(In(27) +1) =% log(27e) bits

(b) If the p.d.f. of Z is q(z), then following the hint in the question
0<D(f || p)=-h(Z)-E; log p(Z)
= h(Z) < —(loge)E, (- %In27z —%2?)

<Y%(loge)In2z +1)
=Y%log(27¢)

[4]

(c) (i) h(X) is known since X is Gaussian. h(X — X | )2) is
unchanged since the translation is by a (conditional)
constant.

(i) Conditioning reduces entropy. Equality when X — X is
independent of X .

(i)  Gaussian bound on entropy for a given variance. Equality
when X — X is Gaussian.

(iv)  Variance cannot exceed mean square value and this is less
than Q. Equality when E(X — X )=0 and Var(X - X)=Q.
(V) Algebra + Mutual information is bounded below by 0.

2

1.5

1

106Y)

0.5

0

0 0.5 é 15 2 [5]

(d)  The decision boundary is at X =0. If we define m=E(X [x>0).
Then for x >0, we have X =+k and

E(X - Xf =E(X —mpP +(k—mY

which is clearly minimized when k=m= E(X |x>0).
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We have
k=2[ xp(x)dx=2(27) * [ xe™ dx =2(27)™ [— e/f = (2/z)* =0.7979

Q=-k*+2(27) " [ "x’e ™ dx=—k* + Var(X )=1-k* =1-2/ 7 = 0.3634

For a 1-bit quantizer I1(X; )2) <1bit so part (c) implies that (i) the

minimum rate for this distortion is—%210g 0.3634 = 0.7302 bits/s or
alternatively that the minimum distortion for a 1-bit quantizer is
Q=27=0.25.

To approach these values, we would have to use vector

quantization and quantize several bits at a time. [7]
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@ (@(HYy=X+Z

(i) X is conditionally constant andh(Z) is invariant under

translation by a constant.

(i) Z is independent of X . [3]
(b) (i) Definition of mutual information.

(i) Since X and Z are independent, the variance of
VarY =Var X +VarZ <P+ N . A Gaussian maximizes the entropy
for a given variance and so h(Y) <%log27e(P + N). From the

previous part, h(Y | X) =h(Z) =%log27eN .
(iii) This is just algebra. [4]

(c) Intended Solution: The argument is the same as in part (b) but
with two output signals. We need to know the following

covariances:
Z, N, O

K,=Cov| _" |= = |K,|=N;N,
Z, 0 N,

Y, X P, + N, Py
K, =Cov =Cov +K, =
Y, X Py P, +N,

= |Ky|=Po(N;+N,)+ NN, <P(N, +N,)+ NN,

|(X;Y1,Y2) = h(Yl’YZ)_h(YllYZ | X)
<log27e +¥log(P(N, +N,)+ N,N, )—log 27e —%log N;N, [7]
—15log(1+ PN, + PN;?)

However the question did not specify which upper bound and a
much easier solution is:

FOKGYLY,) =10GY) + TOGY, [Y) S TOKGY) + 1(XGY,)
<¥log(L+ PN;*)+%log(l+ PN;?)
(d Y=aY,+(1-a)Y,=X+azZ,+(1-a)Z,=X+Z
where Z =aZ, +(1-a)Z,
The variance of Z is N =Var(Z) =a’N, +(1-a)°N,

dN N,

o 0=aN 20N, = a- ~ N=MN
a

N, +N, N, +N,

Using the expression from part (b) now gives

C=% Iog(1+ PN ‘1)=1/z Iog(1+ PN,* + PNz‘l) which interestingly
enough is the same as in part (c). [6]
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(@  The transition matrix is given by
0.97 0.01 0.01 0.01
~10.01 097 0.01 0.01
1001 0.01 097 0.01
0.01 0.01 0.01 0.97
Since each column sums to 1, the vector [ %% %] is an
eigenvector with eigenvalue 1. This is therefore the stationary
distribution. [2]
(b) The total image contains 128 bits. The probability of no errors is
therefore 0.999'® =0.8798. [2]
(c) (i) Since y, =x,, H(Y,) =2bits
(i) For i>1, H(Y;)=H([0.97,0.01, 0.01, 0.01]) = 0.2419 bits [3]
(d)  Verify the Kraft inequality 27 +6x2™ +9x2°=0.9102<1.
The probabilities of the (y,,y,.,) pairs are
9409 97 97 97
97 1 1 1 »
x10
97 1 1 1
97 1 1 1
So we assign the short codewords to the highest probability pairs.
For the special case of (y,,Y,), the probabilities are
2425 25 25 25
2425 25 25 25 »
x10
2425 25 25 25
2425 25 25 25
The expected code lengths are (i) 3.3625 bits, (i) 1.1809 bits [4]
(e) The probability of transmitting a pair without error is
999 996 996 996
996 992 992 992 L
x10
996 992 992 992
996 992 992 992
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so the average probability of transmitting a pair without error is (i)
0.9966 for (y,,y,) and (ii) 0.9988 otherwise. Hence the probability
of transmitting the entire image error free is

0.9966x 0.9988>" = 0.9608..

If we transmit three times and take a majority decision, we will get
the correct answer if the values are received GGG, GGB, GBG or
BGG (where B=bad and G=good). If p is the probability of G, then
the total probability of correct decoding is

p®+3p*(1-p) = p*(3—2p) . For the probabilities above this gives (i)
1-3.374x10°° (ii) 1-4.178x10°°

Thus the expected number of bits is
3(3.3625+31x1.1809) =119.91 bits and the probability of decoding it
without error is 0.9998.
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