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Claude Shannon

e “The fundamental problem of communication is that
of reproducing at one point either exactly or
approximately a message selected at another
point.” (Claude Shannon 1948)

e Channel Coding Theorem:

It is possible to achieve near perfect communication
of information over a noisy channel

e In this course we will:
— Define what we mean by information
— Show how we can compress the information in a 1916 - 2001
source to its theoretically minimum value and show
the tradeoff between data compression and distortion.

— Prove the Channel Coding Theorem and derive the
information capacity of different channels.



Jan 2008

Textbooks

Book of the course:

e Elements of Information Theory by T M Cover & J A
Thomas, Wiley 2006, 978-0471241959 £30 (Amazon)

Alternative book — a denser but entertaining read that
covers most of the course + much else:
e Information Theory, Inference, and Learning Algorithmes,

D MacKay, CUP, 0521642981 £28 or free at
http://www.inference.phy.cam.ac.uk/mackay/itila/

Assessment: Exam only — no coursework.

Acknowledgement: Many of the examples and proofs in these notes are taken from the course textbook “Elements of
Information Theory” by T M Cover & J A Thomas and/or the lecture notes by Dr L Zheng based on the book.
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Notation

e VVectors and Matrices
— v=vector, V=matrix, ®=elementwise product

e Scalar Random Variables
— X = R.V, x = specific value, X = alphabet
e Random Column Vector of length N
— X= R.V, x = specific value, X" = alphabet
— Xx; and x; are particular vector elements
e Ranges
— a:b denotes the range a, a+1, ..., b
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Discrete Random Variables

A random variable x takes a value x from
the alphabet X with probability p (x). The
vector of probabillities is p, .

Examples:
X = [1:2;3:4;5:6], py= [V Vs Vs Vs Vs Ve

“english text”
X =[a; b;..., y; z; <space>]
p,= [0.058; 0.013; ...; 0.016; 0.0007; 0.193]
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Expected Values

e If g(x) Is real valued and defined on X then

E, g(x)=) p(x)g(x)

xeX
Examples:
X = [1;2;3;4;5:6], py= [V s Vs Vs Vs V]
Ex=35=u

Ex’=1517T=0"+u’
E sin(0.1x)=0.338
E —log,(p(x))=2.58
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Shannon Information Content

e The Shannon Information Content of an
outcome with probability p Is —log,p

o Example 1: Coin tossing
= [Heads; Talls], p =[%; ‘2], SIC =[1; 1] bits

e Example 2: Is it my birthday ?

= [No; Yes], p = [**¥/345; /3651,
SIC = [0.004; 8.512] bits
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Minesweeper

e Where is the bomb ?
e 16 possibilities — needs 4 bits to specify

Guess Prob

1. No B/,

SIC
0.093 bits

10
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Entropy

T
The J H(X)ZE—Ing(pX(X))Z—pX logz pX
— H(x) = the average Shannon Information Content of x
— H(x) = the average information gained by knowing its value

— the average number of “yes-no” questions needed to find x is In
the range [H(X),H(x)+1)

We use log(x) = log,(x) and measure H(x) in
— If you use log, it is measured in

— 1 nat = log,(e) bits = 1.44 bits
In(x) dlog,x log,e
In(2) dx X

- log,(x)=
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Entropy Examples

(1) Bernoulli Random Variable
X=1[0;1], p,= [1-p; p]
H(x)=—(1-p)log(l-p)—plogp

Very common — we write H(p) to
mean H([1-p; p)).

H(p)

(2) Four Coloured Shapes
X=[0; m; &; ] p =Y Y s ]

H(x)=H(p,)= D ~log(p(x))p(x)
=1xY%+2xVa+3x K +3x ¥ =1.75Dbits
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H(p)

Bernoulli Entropy Properties

X =[0;1], p,=[1-p; p] H(p)=-(1-p)log(1-p)—plogp
H'(p)=log(l- p)—logp

H'(p)=-p " (1-p) loge
Bounds on H(p)

1

0.8} Quadratic Bounds

0.6} H(p)<1-2loge(p—')’

=1-2.89(p — %)

0.4} ——1-2.89(p-0.5)? 1 ,
—H(p) H(p)21-4(p—-")

0.2} ——1-4(p-0.5)° ] : B

% 0.2 0.4 0.6 0.8 1

P
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Joint and Conditional Entropy

p(xy) | )0 =1

Joint Entropy: H(x,)) — |

Xx=1 0 /a4

H(x,y)=E-logp(x,y)
=Y log¥s—Ylog¥a—0log0—Yilog¥ =1.5 bits

Conditional Entropy : H()| X) L

X=0 o
X=1 0 1

H(y | x)=E-logp(y|x)
=—"2log% —Valog /4 —0log0—"2logl = 0.689 bits
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Conditional Entropy — view 1

15

Additional Entropy: pxy) [0 »r1|p
p(y[X) = px,y)+p(x) x=0 Yo Ya | Ya
H(y|x)=E-logp(y|x) x=1 0 Yal| Ya

= E {~log p(x,y)|- E {-log p(x)|

= H(xX,y)— H(x)=H(%,,0,4) — H(Vs) = 0.689 bits
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Conditional Entropy — view 2

Average Row Entropy:

16

p(x ) | =0 =1 | Hy|x=x)| p(X)
x=0 72 H(1/3) Ya
x=1 0 Ya| H( 1y

Hy|x)=E-logp(y|x)= Z p(x,)log p(y | x)
—Z p(X)p(ylx)logp(ylx) Zp(X)Z p(y|x)log p(y|x)

—Zp(x)H(y|x X)= %xH(A)+%><H(O)—O.689b1ts
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Chain Rules

e Probabilities
p(X,y,Z2)=pz|x,y)p(yV | X)p(x)
e Entropy
H(x,y,Z)=H(Z|Xx,y)+H(y|Xx)+H(xX)

H(Xl:n)zzn:H(Xi |X1:i—1)

i=1

The log in the definition of entropy converts products of
probabllity into sums of entropy

17
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Summary

e Entropy: H(x) =) —log,(p(x))p(x)= E ~log,(py(x))
xeX
— Bounded 0<H(x)<log|X]
H(X, )

18

e Chain Rule: &
H(x,y)=H(y|Xx)+H(X) M‘)
H(X) H(y)

e Conditional Entropy:
H(y | X)=H(X,y)-H(x)=Y p(x)H(y | x)

xeX

— Conditioning reduces entropy H(y |x)<H(y)
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Lecture 2

e Mutual Information

— If xand y are correlated, their mutual information is the average
Information that ) gives about x

e E.g. Communication Channel: x transmitted but y received

e Jensen’s Inequality

e Relative Entropy
— Is a measure of how different two probability mass vectors are

e [nformation Inequality and its consequences

— Relative Entropy is always positive
e Mututal information is positive
e Uniform bound
e Conditioning and Correlation reduce entropy

19
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Mutual Information

The mutual information iIs the average
amount of information that you get about x
from observing the value of y

I(X;y)=H(X)-H(Xx|y)=H(X)+H()-H(X,y)

Mutual information Is
symmetrical @)
H(X) HY)

I(x;y)=1(y;X)
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Mutual Information Example

p(x)) | =0 )=l
X=0 Yo Y,

e |f you try to guess y you have a 50%
chance of being correct.

x=1 0 %2 o However, what if you know x ?
— Best guess: choose y= x
— If x=0 (p=0.75) then 66% correct prob
— If x=1 (p=0.25) then 100% correct prob
— Overall 75% correct probability
H(x,p)=1.5

o A I(x;y)=H(X)-H(x|y)
H(y | =H(X)+H(Y)-H(x,y)
O H(x)=0811, H(y)=1, H(X.y)=15

H(%=0.811 Hy)=1 I(x;y)=0.311

21
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Conditional Mutual Information

Conditional Mutual Information
I(x;y|z)=H(x|2)-H(x|y,2)
=H(x|2)+H(y |2)-H(x,y|2)

Note: Z conditioning applies to both X'and Y
Chain Rule for Mutual Information
](X19X29X3§J/):I(X1QJ/)+I(X2;J/|X1)+[(X3§y|X19X2)

[(Xlzn 9_}/) — Z](Xzay | Xl:i—l)
i=l1



H(X,y)
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e Entropy: H(x)= Z log, (p(x))p(x) = E —log,(py(x))
— Always posmve H(x)=0
e Chain Rule: Hx.y)=HX)+HY |x)<H(X)+H(Y)
— Conditioning reduces entropy H |X)<H(y)
e Mutual Information:
I(y;x)=HY)-HWY|xX)=HX)+HWY)-H(x,y)
— Positive and Symmetrical 7(x;y)=1(y;x)=0

— xand yindependent < H(x,y)=H()+H(x)
< I(x;))=0

Review/Preview H@

23
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Convex & Concave functions

f(x) Is strictly convex over (a,b) If
f(Au+A-ApW)<Afw)+(1-A)f(v) VYu#ve(ab),0<A<]

— every chord of f(x) lies above f(x)
— flx) is < —f(x) is

e Examples |
— Strictly Convex: x°, x*, ", xlogx[x>0] = %
— Strictly Concave: logx,vx [x>0] <
— Convex and Concave: x

Concave is like this

d2
— Test: dxj: >0 Vxe(a,b) = flx) is strictly convex

(not strictly) uses “<” in definition and “>” in test
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Jensen’s Inequality

. (a) fix) convex = Efix) > IEX)
(b) f(x) strictly convex = Ef(x) > f{Ex) unless x constant
Proof by induction on |X|
— =L EfO0=1(E0)=fx)
— X[=k E f(x) = pr(x)—pkf(xk)+(1 pk

i=1 l—p

2 pf(x)+(1- pk)f(zl Pp xi)

Zf(pkxk+(1_pk Z l_plp xij:f(Ex)



0000000

Jensen’s Inequality Example

Mnemonic example:
fix) = x? : strictly convex
X=1[-1;+1] ’

p=1["; 7]
Ex=0

AE %=0
Efx)=1>AE X d
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Relative Entropy

or
between two probability mass vectors p and g

B p(x) _ pX) . _
D(pnq)—ép(x)log e =E, log 00 = E, (~logg(x))- H(X)

where E, denotes an expectation performed using probabilities p

D(pl||g) measures the “distance” between the probability
mass functions p and q.

We must have p=0 whenever ¢=0 else D(p||q)=w

Beware: D(p||q) Is not a true distance because:

— (1) it is asymmetric between p, q and
— (2) it does not satisfy the triangle inequality.
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Relative Entropy Example

X=[123456]"

p% VoV S ) =283
a=0 Ao Yo Mo Mo %] = H(q)=2.16]

D(plla)=E,(-logg,)—H(p)=2.935-2.585=0.35
D(@q||p)=E,(-logp,)—H(q)=2.585-2.161=0.424

28
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Information Inequality

D(p|lq)=0
e Deflne A={x:p(x)>0}cX

e Proof _D(p||q):_zp<x)1ogzg)>=zp<x)1og a(x

p(x)
< 10g£2 p(x) qix)j - 10g£2 q(x)j < log(z q(x)j —logl=0
xed pP\X xed xeX

If D(p||q)=0: Since log( ) is strictly concave we have equality in the
proof only if ¢g(x)/p(x), the argument of log, equals a constant.

But Zp(x) :Z q(x) =1 so the constant must be 1 and p=q
xeX xeX

29
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Information Inequality Corollaries

e Uniform distribution has highest entropy
—Set g =[|X|"!, ..., |X["']* giving H(q)=log|X| bits

D(p||q) = E,{~logq(x)}— H(p) =log | X | ~H(p) > 0

 Mutual Information Is non-negative

I(y:x) = HX) + H(y)— Hx.y) = E log_PXY)
V;X)=HX)+H(y)-H(x,y) ng(X)pO/)

=D(P,, 1P, ®p,)=0
with equality only if p(x,)) = p(X)p()) < xand y are independent.

30
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More Corollaries

e Conditioning reduces entropy
0<I(x;))=HWY)-HY|X) = HYI|X)<H()

with equality only if x and y are independent.

e Independence Bound

H(Xlzn) — iH(Xi |X1:i—1) < iH(Xi)

with equality only if all x are independent.

31
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Conditional Independence Bound

e Conditional Independence Bound
LCTZNED N CARTENEDIL(CAND

 Mutual Information Independence Bound

If all x are independent or, by symmetry, if all y; are independent:

I(Xl:n;ylzn) :H(Xlzn)_H(Xlzn |yl:n)

> Y HOO - Y HOGY) = 1008

32
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Summary

Mutual Information  I(x;¥)=H(xX)-H(x |y)< H(X)
Jensen’s Inequality:  fix) convex = EAX) > AEX)

Relative Entropy: X
oml=0iffpeq  DEID=E, log f;((x)) >0
Corollaries

— Uniform Bound: Uniform p maximizes H(p)

— I(x; )) 2 0 = Conditioning reduces entropy

— Indep bounds:  H(Xy,) SZH(XZ-) H(Xp [ Vi) S ZH(Xi | Vi)
i=1 i=1

I(X1,5 V1) 2 Zl(xl.;yi) If x;, or y, areindep

i=1

33
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Lecture 3

e Symbol codes
— uniquely decodable

— prefix
e Kraft Inequality
e Minimum code length

e Fano Code

34
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Symbol Codes

Symbol Code: C is a mapping X—D*
— D" = set of all finite length strings from D
—e.g. {E, F, G} ={0,1}*: C(E)=0, C(F)=10, C(G)=11
Extension: C* Is mapping X* —D* formed by
concatenating C(x;) without punctuation

e ¢.g. CY(EFEEGE) =01000110

Non-singular: x,=x, = C(x,) # C(x,)
Uniquely Decodable: C* Is non-singular
— that i1s C*(x*) Is unambiguous

35
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Prefix Codes

e |nstantaneous or Prefix Code:
No codeword is a prefix of another

e Prefix = Uniquely Decodable = Non-singular

Examples:
— C(E,F,G,H) = (0, 1, 00, 11)
— C(E,F) = (0, 101)
— C(E,F) =(1, 101)
— C(E,F,G,H) = (00, 01, 10, 11)
— C(E,F,G,H)=(0,01,011, 111)

36
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Code Tree

Prefix code: C(E,F,G,H) = (00, 11, 100, 101)

Form a D-ary tree where D = |D|

— D branches at each node

— Each node along the path to
a leaf is a prefix of the leaf

— can’'t be a leaf itself

— Some leaves may be unused
all used = | X|—11sa multiple of D—1

111011000000— FHGEE
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Kraft Inequality (binary prefix)

Label each node at depth / with 2~

Each node equals the sum of
all its leaves

Codeword Iengths:m|
~1,
N e 21’,2 <1

Equality iff all leaves are utilised

Total code budget = 1
Code 00 uses up ¥4 of the budget
Code 100 uses up '/, of the budget

38
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Kraft Inequality

If uniquely decodable ¢ has codeword lengths

[X]
b o Ly, then D7 <1
i=1
|X]
Let S=ZD"i and M =max/; thenforany N,
i=1

v 1X| y N ) X| | X] X| —(l,-1+li2+"'+li1v) B Jength{C* (x)}
S DR WD W - 3D
i=1 iy=l1

i, =1i,=1 xeX?

NM l NM NM
=2 D7 [x:l=length{C" (0} <> D'DEY 1= NM
=1 [=1
[=1

If S> 1 then S¥> NM for some N. Hence S§< 1

40
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Converse to Kraft Inequality

If ZD—’ <1 then 3 a prefix code with
codeword lengths /,, [,, ..., [y

Proof:

— Assume /. < /.., and think of codewords as
base-D decimals 0.d,d,...d;,

k-1
— Let codeword ¢, =) D™  with /, digits

i= k-1
— Forany j<kwehavec,=c,+». D" >c +D"
i=j
— S0 ¢; cannot be a prefix of ¢, because they differ in

the first /; digits.

41
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Kraft Converse Example

S|

Suppose 1 =1[2;2;3;3;3] = >.2"=0875<1

i=1

lk c, = iD—h Code
i=1

2 0.0 =0.00, 00

2 0.25 = 0.01, 01

3 0.5 = 0.100, 100

3 0.625 = 0.101, 101

3 0.75 = 0.110, 110
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Minimum Code Length

If I(x) = length(C(x)) then C'Is If
L-=E I(X) Is as small as possible.
Uniquely decodable code = L-> H(X)/log,D
Proof: we define qby ¢(x)=c"'D™" where c=) D" <1
L.—H(x)/log, D=E I(x)+E log, p(x) '
= E (~log, D™ +log, p(x))= E (~log, cq(x) + log, p(x))

=F [logD Mj —log,c =log, Z(D(p | q)—logc)z 0
q(X)

44
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Fano Code

Fano Code (also called Shannon-Fano code)
Put probabilities in decreasing order
Split as close to 50-50 as possible; repeat with each half

1.
2.

o o o o

a

=S 0. -

0.20
0.19
0.17
0.15
0.14

0.06
0.05
0.04

= o — |O

-

00

010
011
100
101

110
1110
1111

H(p) =2.81 bits

L= 2.89 bits

Always H(p)< L, < H(p)+1-2min(p)
<Hp)+1

45
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Summary

e Kraft Inequality for D-ary codes:

|X]

— any uniquely decodable C has ) D™ <1

|X]| i=l1
— If ). D™ <1 then you can create a prefix code

. Uniql:|ely decodable = L.> H(X)/log,D

e Fano code

— Order the probabillities, then repeatedly split in half to
form a tree.

— Intuitively natural but not optimal

46
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Lecture 4

e Optimal Symbol Code
— Optimality implications
— Huffman Code

e Optimal Symbol Code lengths
— Entropy Bound

e Shannon Code
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Huffman Code

An Optimal Binary prefix code must satisfy:
1. p(x)>px;) = [ <] (else swap codewords)

2. The two longest codewords have the same length
(else chop a bit off the longer codeword)

3. 3 two longest codewords differing only in the last bit
(else chop a bit off all of them)
Huffman Code construction

1. Take the two smallest p(x;) and assign each a
different last bit. Then merge into a single symbol.

2. Repeat step 1 until only one symbol remains
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Huffman Code Example

X=[a,b,c,de],p,=[025 025 02 0.15 0.15]
a 025—025—025 055710
b 025—0257045 0.45
C 02— 0.2

d 015-9% 03— 03

0.1517

Read diagram backwards for codewords:
C(X)=[00 10 11 010 O11],L-=2.3, H(x)=2.286

C

49
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Huffman Code 1s Optimal Prefix Code

Huffman traceback gives codes for progressively larger

alphabets:
a 025—025—025 055/10
P,=[0.55 0.45], b 025—0257045 0.45
c,=[0 1], L,=1 ¢ 02 T 0.2
d 0.15 0.3 0.3
P;=[0.25 0.45 0.3], . 0.151/

c,=[00 1 01], L;=1.55
p,=[0.25 0.25 0.2 0.3],
c,=[00 10 11 01], L,=2

Ps=[0.250.25 0.2 0.15 0.15],
c,=[00 10 11 010 011], L=2.3

51
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Huffman Optimality Proof

Suppose one of these codes is sub-optimal:

— dm>2 with ¢, the first sub-optimal code (note c,is definitely

optimal)
An optimal ¢/ must have L., < L,
Rearrange the symbols with longest codes in C’ so the two

lowest probs p; and p; differ only in the last digit (doesen't
change optimality)

Merge x; and x; to create a new code €/, as in Huffman
procedure

L ¢, =L ¢,—p;—p; since identical except 1 bit shorter with prob
pitp;

Butalso L, =L ,—p;—p;,hence L ., , <L, , which
contradicts assumption that c, is the first sub-optimal code

52
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How short are Optimal Codes?

Huffman is optimal but hard to estimate its length.

If I(x) = length(C(x)) then C'Is If
L-=FE I(x) Is as small as possible.

We want to minimize Y p(x)/(x) subject to
1. ZD—Z(X) <1 xeX

xeX
2. all the /(x) are integers

Simplified version:
Ignore condition 2 and assume condition 1 is satisfied with equality.

53
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Optimal Codes (non-integer /,)

|X] |X|

* Minimize D p(x) subjectto > D™ =1
i=1 i=1

Use lagrange multiplier:
X X

Define J = Zp(xi)ll. + lz D™ and set 2—}] =0
i=1 i=1 i
2—}] =p(x)-AIn(D)D™"" =0 = D" = p(x.)/Aln(D)
i |X]

also Y D'"=1 = i=1/In(D) = [. = —log,(p(x,)

withthese !/, El(x)=E —logD(p()()): ) —logz(p()()) _ H(x)
log, D log, D

54
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Shannon Code

Round up optimal code lengths: /% =[-log, p(x) ]|

e /. are bound to satisfy the Kraft Inequality (since the
optimum lengths do)

e Hence prefix code exists:
put /.into ascending order and set

k—1 k—1
_li —_
i=1 i=1

to /. places

HX) <L-< HX) +1
log, D ¢ log, D

e Average length:

Note: since Huffman code is optimal, it also satisfies these limits
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Shannon Code Examples

Example 1 p,=[0.5 0.25 0.125 0.125]
(good) —log,p,=[1 2 3 3]
|, =[-log,p, |=[1 2 3 3]

L. =1.75bits, H(x)=1.75Dbits
Dyadic probabilities

Example 2 p, =[0.99 0.01]
(bad) —log, p, =[0.0145 6.64]
l, = |__ log, pX_|= 1 7] (obviously stupid to use 7)

L. =1.06bits, H(x)=0.08 bits

We can make H(x)+1 bound tighter by encoding longer blocks as a super-symbol
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Shannon versus Huffman

Shannon p,=[036 034 025 005] = H(x)=1.78bits
—log,p, =[1.47 1.56 2 4.32]

|, =[-log,p, |=[2 2 2 3]

L, =2.15bits
Huffman
e 0
I, =[1 2 3 3] 2 036——036— 0.367 1.0
. b 034——0.34——0.64" |
Ly =1.94 bits e 0252 0.3;1
d 0.05;1

Individual codewords may be longer in
Huffman than Shannon but not the average
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Shannon Competitive Optimality

e /(x) Is length of a uniquely decodable code
e [((x)= |_— logp(x)_| Is length of Shannon code
then p(I(x) <[ (x)—c)<2""

Proof:  Define A = {x: p(x) <27™™*y 1 with especially short /(x)

pl(x) <[=log p(x) |- )< pli(x) < ~log p(x) —c +1)= p(x € A)
= Zp(x) < Zmax(p(x) xed)< ZT””‘CH

xed xed xed
l I | |
< 22 (W)=erl — p=lem 1)22 ) <27 D Yraft inequality

¥~~~ now over all x

No other symbol code can do much better than Shannon code most of the time
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Dyadic Competitive optimality

If p Is dyadic < log p(x)) Is Integer, Vi
then p((x)<I;(x))< pli(x)>1,(x)) with equality iff I(x) = I|(X)
Proof:

— Define sgn(x)={—1,0,+1} for {x<0, x=0, x>0}
— Note: sgn(i) < 2¢—1 for all integers i

plls () > 100) = plls(x) <1(x)) =Y p(x)sgn(ly(x) - I(x))
< Zp(x)(zls (x)=1(x) _ 1): 1+ 22—15 ()15 (x)=1(x)
;—1+22’<x> 3—1+1:0x

Rival code cannot be shorter than
Shannon more than half the time.
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Shannon with wrong distribution

If the real distribution of xis p but you assign Shannon
lengths using the distribution g what is the penalty ?

Answer: D(p||Q)
Proof: EI(X)= Zp,-|_— log%_|< Zpi(l B 10g%)

= Zpi[l T log&—logpij

q;
=1+D(p|la)+H(P)

Therefore

HP)+Dplla)<El(x)<HP)+DPq)+1

If you use the wrong distribution, the penalty is D(p||q)
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Summary

H(X)

 Any uniquely decodable code: EI(X)ZHD(X)=10g D

e Fano Code: H,(X)SEI(X)<H,(x)+1
— Intuitively natural top-down design
 Huffman Code:
— Bottom-up design
— Optimal = at least as good as Shannon/Fano
e Shannon Code: I =[-log,p,| H,(X)<SEIX)<H,(x)+1

— Close to optimal and easier to prove bounds
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Lecture 5

e Stochastic Processes

e Entropy Rate

e Markov Processes

e Hidden Markov Processes

62
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Stochastic process

Stochastic Process {x;} = X, X, ...

often

ENTropy: g({x,}) = H(x,)+H(X, | X)+... =

Entropy Rate: H(X)= limlH (x,,) If limit exists

n—»o0 n

Examples:
— x i.i.d. random variables: H(X)=H(X,)
— X indep, H(x)=01 00 11 0000 1111 00000000 ... no convergence
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Lemma: Limit of Cesaro Mean

a, >b = l}}%—éb
n =1
Proof:
e Choose ¢>( andfind N, suchthat |a —bl<2e Vn>N,
- Set N,=2N,¢ 'max(la —b|) for re[l,N,]

n

2.l —9]

e Then Vn> N, n_lzn:‘ak —b‘ = n_li‘ak —b‘ +n”
k=1 k=1

< N;'N, (4N, 'N,g )+ n”'n(ve)

=We+Whhe=c¢
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Stationary Process

Stochastic Process {x} IS Iff

p(x,, =a,)= p(Xk+(1:n) =a,) Vk,n,a eX
If {x} IS stationary then H(X) exists and
H(X)=1lim— : H(x,.,)= hmH(X | X, 1)

n—»00 4/

(a) (b)
Proof: O0<H(X,| X, )<H(X,|X,,)=H(X,|X.,.)

Hence H(x |x,.,.,) IS +ve, decreasing = tends to a limit, say b

Hence from Cesaro Mean lemma:

1 1 &
H(Xk|X1:k—1)_>b — ;H(Xlzn):;ZH(Xk|X1:k—1)_>b:H(x)
k=
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Block Coding

If x; IS a stochastic process

— encode blocks of n symbols

— 1-bit penalty of Shannon/Huffman is now shared
between n symbols

n_lH(Xlzn) < n_lE Z(Xlzn) < n_lH(Xlzn) + n_l

If entropy rate of x: exists (< x; IS stationary)

nH(x.)—>HWX) = n'Elx.)—> HX)
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Block Coding Example

1
=[A;B =10.9; 0.1
X=[AB] p,=[09;01] |
H(x.)=0.469 T
() = 0.6}
0.4 2 4 6 8 10 12
] n:l Sym A B n
prob 0.9 01 pl'E]=1
code O 1

e =2 sym AA AB BA BB
prob 0.81 0.09 0.09 0.01 n_lEle.645
code O 11 100 101

e n=3 sym  AAA  AAB BBA BBB
prob  0.729 0.081 .. 0.009 0.001 W E 1 =0.583
code 0 101 .. 10010 10011



Jan 2008

Markov Process

Discrete-valued Stochastic Process {x:} Is
e Independent iff  p(x,|x,.._)=p(x,)
* Markov Iff PO, 1)=P(6, X, 1)
— time-invariant iff p(x =b|x,_,=a) =p_,, indep of n

— Transition matrix: T = {z,}
e Rows sumto 1: T1 =1 where 1 is a vector of 1's

® pn = TTpn—l
- Stationary distribution: ps = T7p,
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Stationary Markov Process

If a Markov process is

. you can go from any a to any b
In a finite number of steps
e irreducible iff (I+T7)X-! has no zero entries

. Ya, the possible times to go from
a to a have highest common factor = 1

then it has exactly one stationary distribution, pq.
—  Ppg Is the eigenvector of T” with A= 1: T'ps =p;
— T" > 1pg, where 1=[1 1 --- 1]

n—0
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Chess Board

H(p,)=0, H(p, | p)=0

Random Walk
e Move & KA equal prob ‘

« p=[10...0)"
— H(p;))=0

e P=',%[353585353]
— H(ps) = 3.0855

- H(X)=lmH(x,|x, )= Z_ Psit; ; log(t; ;)
I,J

- H(X)=2.2365
and — stationary
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Chess Board Frames

H(p,)=0, H(p, | py)=0 H(p,)=158496, H(p, | p,)=158496 H(p,)=3.10287, H(p, | p,)=2.54795 H(p,)=2.99553, H(p, | p,)=2.09299

H(p5)23.111, H(p5 | p4)=2.30177 H(p6):3.07129, H(p6 | p5):2.20683 H(p7):3.09141, H(p7 | ps):2.24987 H(pB):3.0827, H(p8 | p7)=2.23038
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ALOHA Wireless Example

M users share wireless transmission channel

— For each user independently in each timeslot:

e if its queue is non-empty it transmits with prob ¢

e a new packet arrives for transmission with prob p
— If two packets collide, they stay in the queues
— At time ¢, queue sizes are X, = (n, ..., n,,)

* {X,} is Markov since p(x,) depends only on x__,

0 x,=0

Transmit vector isy,: p(y,,=1)=
’ x>0

— {y,} is not Markov since p(y,) is determined by x, but is not
determined by vy, ,. {y,} Is called a Hidden Markov Process.
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ALOHA example

Waiting Packets : TX en

® 6 @'«
,> 2 ® 0 @ O
|
| &
|

TX enable, e:

Or Rk OWw
b O PO BB DN
OO OO kB
OFr OFr PN
T o N R
R O FF NO
OPFr OFr NP
OFr OFr LN

y = (x>0)e is a deterministic function of the Markov [x; e]
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Hidden Markov Process

If {x} IS a stationary Markov process and )=f(x) then
{y.}Is a

What is entropy rate H(Y) ?
— Stationarity = H(,|y,, ) =H®) and — H(Y)

S H®W)

n—a0

(1)
— Also HY, |V, 1-X)<HM) and

So H(Y) is sandwiched between two quantities which converge
to the same value for large n.

Proof of (1) and (2) on next slides
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Hidden Markov Process — (1)

H(yn | yl:n—19X1) :H(yn |yl:n—19X—k:1) Vk

— HU/n |yl:n—19X—k:19y—k:1) — HU/n |y—k:n—1’X—k31)
< HO/n |y—k:n—l) Vk

— H(yk+n | J/0zk+n—1)k:;H(M)

Just knowing x; in addition to )., , reduces the conditional entropy to
below the entropy rate.
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Hidden Markov Process — (2)

Proof (2):  HW,|Vi,-iX) > HH)

k
Note that Zl(xlayn |y1:n—1) = ](Xl;ylzk)
" < H(x))
Hence ](Xlayn |y1:n—1) — O

so HW, | VipisX) =HWY, | Viwa) = LX5Y 0 Vi)
—->HW)-0

n—

The influence of x; on y, decreases over time.
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Summary

- Entropy Rate:  H(X)=lim~H(x, )

11—>00 n

— {x} stationary: H(X)=1limH(x,|X,, )

n—»o0

— {x} stationary Markov:
H(.X) — H(Xn | Xn—l) — Z_p&iti,j log(ti,j)
— y=f(X): Hidden Markov: N

H(yn |y1:n—19X1) < H(!”) < H(yn |yl:n—1)
with both sides tending to H(Y)

79
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Lecture 6

e Stream Codes
e Arithmetic Coding
e Lempel-Ziv Coding
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Huffman: Good and Bad

Good

— Shortest possible symbol code #X) _; (#X) |

log, D log, D

Bad

— Redundancy of up to 1 bit per symbol
e Expensive if H(x) is small
e Less so if you use a block of N symbols
e Redundancy equals zero iff p(x,)=2"*) Vi
— Must recompute entire code Iif any symbol
probability changes

e A block of N symbols needs |X|" pre-calculated
probabilities

81
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Arithmetic Coding

e Take all possible blocks of N A={a b], p=[0.6 04], N=3 Code

symbols and sort into lexical QB = 1.0000 = 1.000D00 —
order. x for r=1: |X|N Q7 = 0.9360 = 0.111011 mB=1111
LT ' bba
e C&lCUlate CumU|ative Q6 = 0.8400 = 0.110101 [ m7=11011
—_ . . . bab
probabilities in binary: e T ET e m6=1100
baa
Q,=2,p(X),0,=0 )
' ,Szr =0 Q4 = 0.6000 = 0.100110 mo=1010
- abb | 1 m4=10001
e To encode x, transmit enough  ©3=0.5040 = 0.100000
binary places to define the aba
I - — m3=011
mterva! (0..,0) Q2 = 0.3600 = 0.010111
unambiguously. aab 50100
- Use first /. places of 2 (1 =0.2160 = 0001101
where [ is least integer with aaa

O _ <m, 27 < (m, + 27" < 0, QO = 0.0000 = 0.0D00D0 m1=000
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Arithmetic Coding — Code lengths

e The interval corresponding to x, has width p(x,)=0. -0, , 22“”

e Define k =|d | = d <k <d+1 = %p(x)<2™ <px,)

- Set m =20 | = 0_ <m2"

e If (m +1)27" <Q  thensetl =k,; otherwise
— Set | =k +1landredefine m, = (21" Q,,_l—‘ = (m -1)2"<Q._ <m2™"
= oW (m, +1)27 =(m, -2 +27" <0, + p(x,)= 0,

e Wealways have [ <k +1<d +2=-log(p, )+2

ky=4,m; =14,15x27 >0,
Q7 = 0.9360 = 0.111011

bba =1, =5m,=27,28x27 < v
Q6 = 0.8400 = 0.110101 T m7=11011 7 2 M ) 0,

bap k, =4, m, =12,13x27* < v
Q5 = 0.7440 = 0.101111 m6=1100 6 — T Mg ) O,
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Arithmetic Coding - Advantages

84

e Long blocks can be used

— Symbol blocks are sorted lexically rather than in probability
order

— Receiver can start decoding symbols before the entire code has
been received

— Transmitter and receiver can work out the codes on the fly
e N0 need to store entire codebook

e Transmitter and receiver can use identical finite-
precision arithmetic

— rounding errors are the same at transmitter and receiver

— rounding errors affect code lengths slightly but not transmission
accuracy
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Arithmetic Coding Receiver

b Q, probabilities
bbb 0.9744 = 0.111110
bab ot gggg 0.9360 = 0.111011
/ babbaa - obas | 0-8976 = 0.111001
. _Zr ______________________________________ — bapp | 0-8400 = 0.110101
. o™ b bab oons | 08016 =0.110011
""""""""""""""""""""""""""""" - 0.7440 = 0.101111
ba baab
baa 0.6864 = 0.101011
baaa
0.6000 = 0.100110
abp 220D 655616 = 0.100011
abba
0.5040 = 0.100000
20 abab 0.4464 = 0.011100
aba : - Y
1 1 0 011 1 e
0.3600 = 0.010111
aabb
a ab 0.3024 = 0.010011
aaba
0.2160 = 0.001101
aa aaab
0.1296 = 0.001000
aaa
aaaa

X=[a b], p=[0.6 0.4] 0.0000 = 0.000000
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Arithmetic Coding/Decoding

Input

O O O T T O T

O

Transmitter

Min
00000000
10011001
1
10111110
11001101
110
110
110011

11001110

Max
11111111
1
11010111
1
110
11010011
11010000
11001111

1100111

Send

10

011

1

Min
00000000

10011001

10111110
11001101

Receiver
Test
10011001

1

100
11010111

110101

10111110
11001101
11010011
11010000
11001111

Max
11111111

11010111

11010011
11010000

Output

®Q O O T O

Min/Max give the limits of the input or output interval; identical in transmitter and receiver.

Blue denotes transmitted bits - they are compared with the corresponding bits of the receiver’s test
identifies unchanged words.

value and Red bit show the first difference.
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Arithmetic Coding Algorithm

Input Symbols: X=[a b],p=[p 4]
[min , max] = Input Probability Range
Note: only keep untransmitted bits of min and max
Coding Algorithm:
Initialize [min , max]=1[000...0 , 111...1]
For each input symbol, s
If s=a then max=min+p(max—min) else min=min+p(max—min)
while min and max have the same MSB
transmit MSB and set min=(min<<1) and max=(max<<1)+1
end while
end for

e Decoder is almost identical. Identical rounding errors = no symbol errors.
e Simple to modify algorithm for |X|>2 and/or D>2.
e Need to protect against range underflow when [x y] = [011111..., 100000...].
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Adaptive Probabilities

Number of guesses for next letter (a-z, space):

oranges and | emons
1778411211511111111

We can change the input symbol probabilities
based on the context (= the past input sequence)

Example: Bernoulli source with unknown p. Adapt p based
on symbol frequencies so far:

1+ count(x, =b)
X=[ab], p,=[1-p, pl p,=—"
1+n

88
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Adaptive Arithmetic Coding

1+ count(x, =b)

bbb bbbb
<
pn — 1<i<n ob
1 +n bbba
bba bbab
bbaa
babb
= bab
pl 0.5 ba gabﬁ
baa aa
p2 — 1/3 or 2/3 baaa
1 1 3 abb aggb
P3 = /40T /2 01 74 ab abba
aba abaa
= ... aabb
'174 aab aaba
aaab
aa
aaa
aaaa

1.0000 = 0.000000

0.8000 = 0.110011
0.7500 = 0.110000

0.7000 = 0.101100
0.6667 = 0.101010

0.6167 = 0.100111
0.5833 = 0.100101
0.5500 = 0.100011

0.5000 = 0.011111

0.4500 = 0.011100
0.4167 = 0.011010
0.3833 = 0.011000

0.3333 = 0.010101
0.3000 = 0.010011

0.2500 = 0.010000
0.2000 = 0.001100

0.0000 = 0.000000

Coder and decoder only need to calculate the probabilities along the

path that actually occurs
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Lempel-Ziv Coding

Memorize previously occurring substrings in the input data

— parse input into the shortest possible distinct ‘phrases’

— number the phrases starting from 1 (0 is the empty string)
1011010100010...
1234 567

— each phrase consists of a previously occurring phrase

(head) followed by an additional O or 1 (tail)

— transmit code for head followed by the additional bit for tail

01001121402010...

— for head use enough bits for the max phrase number so far:
100011101100001000010...

— decoder constructs an identical dictionary
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Lempel-Ziv Example

Input = 1011010100010010001001010010  Improvement

DiCtionary Send Decode ® Each head can Only
0000 ¢ 1 1 be used twice so at
0001 1 00 0 its second use we
0010 O 011 11 :

0011 11 101 01 can.

0100 01 1000 010 — Omit the tall bit
0101 010 0100 00 — Delete head from
0110 00 0010 10 the dictionary and
0111 10 1010 0100 re-use dictionary
1000 0100 10001 01001 entry

1001 01001 10010 010010
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LempelZiv Comments

Dictionary D contains K entries D(0), ..., D(K—1). We need to send M=ceil(log K) bits to
specify a dictionary entry. Initially K=1, D(0)= ¢ = null string and M=ceil(log K) = 0 bits.

Input Action

1 “1” ¢D so send “1” and set D(1)="1". Now K=2 = M=1.

0 “0” ¢D so split it up as “¢”+”0” and send “0” (since D(0)= ¢) followed by “0”.
Then set D(2)="0" making k=3 = M=2.

1 “1” € D so don’t send anything yet — just read the next input bit.

1 “11” ¢D so split it up as “1” + “1” and send “01” (since D(1)="“1" and M=2)
followed by “1”. Then set D(3)="11" making K=4 = M=2.

0 “0” € D so don’t send anything yet — just read the next input bit.

1 “01” ¢D so split it up as “0” + “1” and send “10” (since D(2)=“0" and M=2)
followed by “1”. Then set D(4)="01" making K=5 = M=3.

0 “0” € D so don’t send anything yet — just read the next input bit.

1 “01” € D so don't send anything yet — just read the next input bit.

0 “010” ¢D so split it up as “01” + “0” and send “100” (since D(4)=“01" and

M=3) followed by “0”. Then set D(5)=“010" making K=6 = M=3.

So far we have sent 1000111011000 where dictionary entry numbers are in red.
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Lempel-Ziv properties

e Widely used
— many versions: compress, gzip, TIFF, LZW, LZ77, ...
— different dictionary handling, etc

e Excellent compression in practice
— many files contain repetitive sequences
— worse than arithmetic coding for text files

e Asymptotically optimum on stationary ergodic
source (i.e. achieves entropy rate)

— {X} stationary ergodic = limsupn™/(X,,) < H(X) with prob 1
e Proof: C&T chapter 12.10 ">~

— may only approach this for an enormous file
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Summary

e Stream Codes

— Encoder and decoder operate sequentially
e no blocking of input symbols required

— Not forced to send >1 bit per input symbol
e can achieve entropy rate even when H(X)<I
e Require a Perfect Channel

— A single transmission error causes multiple
wrong output symbols

— Use finite length blocks to limit the damage

94
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Lecture 7/

e Markov Chains
e Data Processing Theorem
—you can’t create information from nothing

e Fano’s Inequality
— lower bound for error in estimating X from Y

95
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Markov Chains

If we have three random variables: x y, z

p(x,y,2)= p(z|x,y)p(y | x)p(x)
they form a X—y—>zIf

p(z|x,y)=p(z|y) <= p(x,y,2)=p(z|y)p(y|x)p(x)

A Markov chain x— )~z means that

— the only way that x affects zis through the value of y

— if you already know y, then observing x gives you no additional
iInformation about z i.e. I(x;z|y)=0=H(Z|y)=H(Z|X,Y)

— If you know J, then observing z gives you no additional
information about x

A common special case of a Markov chain is when z=f(y)
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Markov Chain Symmetry

I1ff x> )~z

p(x,y,2)® p(x,y)p(z] y)
p(y) p(y)

p(x,z|y)= =p(x|y)p(z]y)

(@ pzlx,y)=p(z|y)

Hence x and z are conditionally independent given y

Also x> y—z Iff z»y—>xsince

pIp(y) Y p(x,z|y)p(y) _ p(x,y,2)
p(y,z) p(y,z) p(y,z)

= p(x|y,z2) @) p(x,z|y)=px|y)p(z]y)

Markov chain property is symmetrical

p(x|y)=p(x|y)
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Data Processing Theorem

If x>y—>zthen I(x;)) > I(x; 2)

— processing )y cannot add new information about x
If x>y—>zthen I(x;)) > I(x; y| 2)

— Knowing z can only decrease the amount x tells you about y
Proof:

I(xy,2)=1(x;y)+1(x;z|y)=1(x;2)+ (X, ) | Z)

(a)
but I(x;z|y)=0

hence I(x;y)=1(x;2)+1(x;y|2)
so I(x;y)21(x;z) and I(x;y)=21(x;y|2)

98
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Non-Markov: Conditioning can increase /

Noisy Channel: z=x+y CO——2)
= X=Y=[0,11" py=p,~[.%5]" @_T
— I(x ;))=0 since Independent 7
—but I(x;y| 2=" 0 1 2
XY 00| Y%

H(x|2) = H(y|2) = H(x y2) 1
= OxX Vit 1 xVot0x Y = V4 01 Z
since in each case z=1 = H()=0 10 Y

4

I(x;, y|2) = H(x |2+H(Y |2-H(X, ¥ |2)

= t—Ya =Y 11 A

If you know z, then xand y are no longer independent



Jan 2008 100

Long Markov Chains

If X,— X% = X, X, > X, —> X
then Mutual Information increases as you
get closer together:

—€.0. 10X, Xy) 2 (X, Xy) 2 1(X, X5) = 1(X), X)
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Sufficient Statistics

If pdf of x depends on a parameter ¢ and you extract a
statistic 7(x) from your observation,

then O0—->x->T(x) = 1@;T(x)<I1(0;x)

T(x) 1s sufficient for @ if the stronger condition:
0->x—>T(x)>0 < 10;T(x)=1(0;x)
SO0->T(X)>Xx >0
& p(X[T(x),0) = p(x |T(x))

n C i)Y x =k
T(Xl:n):ZXi p(Xl:”:xl:n|9,ZXi:k):{ Ok If %x +k
i=1 i

independent of & = sufficient
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Fano’s Inequality

If we estimate x from y, what is p.=px=x) ?
H(x|y)<H(p,)+ p,log(| X|-1)

L, 5 HXN=H ()9 (H x| 1)-1)
e log(| X |-1) log(| X |-1)

Proof: Define a random variable e =(x # x)?1:0

He,x|y)=H(x |y)+H(e|x,y)=H(e|y)+H(x|e,y)
> HWX|y)+0<H(e)+H(x|e,y)
=HEe)+H(x|y,e=0)1-p)+H(x|y,e=1)p,
<H(p,)+0x(1-p,)+log(|X|-1)p,

Fano’s inequality is used whenever you need to show that errors are inevitable
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Fano Example

{1:5}, p,=[0.35,0.35,0.1, 0.1, 0.1]7

J={1:2} If x<2 then y=xwith probability 6/7
while iIf x>2 then y=1 or 2 with equal prob.
Our best strategy is to guess X =)
— Pyyy=1=10.6,0.1,0.1, 0.1, 0.1]
— actual error prob: p,=0.4

X
Y

Hx|y)-1 1.771-1

- p> = =0.3855
Fano bound: log( X|-1) _ log(®)
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Summary

e Markov: x—->y-oze pilx,y)=pz|y)<Ix;z|y)=0

e Data Processing Theorem: if x—)—zthen
— Ix; =21x; 2
- Ix;n21x;y|2

e Fano’s Inequality: if x —y — x then

o> Hx|y)-H(p,) Hx|y)-1_ H(x|y)-1

log(| X|-1)  log(X|-1) ~ log|X|
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Lecture 8

 Weak Law of Large Numbers

e The Typical Set
— Size and total probability

e Asymptotic Equipartition Principle
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Strong and Weak Typicality

X={ab

¢, d}, p=1[0.50.250.125 0.125]

—logp=[1233] = H(p)=1.75 bits
Sample eight i.i.d. values

e strongly typical = correct proportions
aaaabbcd —log p(X) =14 =8x1.75

e [weak
aa

e not ty

y] typical = log p(X) = nH(X)
obbbbb —log p(X) = 14 = 8%1.75

nical at all = log p(X) # nH(X)

do

dddddd —log p(x) =24
Strongly Typical = Typical

106
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Convergence of Random Numbers

e Convergence
X, =V = Ve>0,dmsuchthatVn>m,|x —-yl|<e

n—»0

Example: X, =12"", p=['%;""]

choosem =1—-loge

e Convergence in probability (weaker than convergence)
prob

X, >V = V&>, P(|Xn—y|>5)—>0
Example: x, € {0; 1}, p= [1—7”1_1; n_l]

for any smalle, p(|x, |> &) =n"' —2250

Note: y can be a constant or another random variable
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Weak law of Large Numbers

. , 1

Given i.i.d. {x} ,Cesaro mean s,=-2x,
i=1

— ES =EX=u Vars, =n"'Varx =n"'c”’

As n Increases, Var s, gets smaller and the values
become clustered around the mean

prob
S — U

& Ve>0, P(s,—upe)—0

n—©

108
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Proof of WLLN

e Chebyshev’s Inequality
Vary = E(y —u) =2 (v—u) p(»)

vel

> Y (-ufp()= Y etp(y)=&ply-ul>s)

yily—pl>e yily—pl>e
l & ,
e WLLN 5n=—ZXZ. WhereEX,:,uandVarxl.:a
n -
2 02
g pQSn —,u‘ > E)S Vars =— — 0
n n—»o

prob
Hence S —> U
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Typical Set

X" 1s the I1.I1.d. sequence {x;} for 1 <i<n
— Prob of a particular sequence is p(X)zﬁp(Xi)
— E-logp(X)=nE-logp(x,)=nH(X) =l
L T ={x e X" : |- 0" log p(x) - H(x)
Example:
— x; Bernoulli with p(x;=1)=p
—e.g p([011000])=p*(1-p)*
— For p=0.2, H(X)=0.72 bits
— Red bar shows 7, ,®

<l

25 2 15 1 05 0
N"*log p(x)
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Typical Set Frames

N=1, p=0.2, e=0.1, p,=0% N=2, p=0.2, e=0.1, p,=0% N=4, p=0.2, e=0.1, p,=41% N=8, p=0.2, e=0.1, p,=29%

|

-2.5 -.2 -1..5 -i -0.5 0 -2.5 -2 -1.5 -1 -0.5 0 -2.5 -2 -1.5 -1 -0.5 0 -2.5 -2 -1.5 -1 -0.5

0
N2og p(x) N2og p(x) Ntog p(x) Nog p(x)
N=16, p=0.2, e=0.1, p,=45% N=32, p=0.2, e=0.1, pT=62% N=64, p=0.2, e=0.1, pT=72% N=128, p=0.2, e=0.1, pT=85%

-2.5 -2 -15 -1 -0.5 0 -2.5 -2 -15 -1 -0.5 0 -2.5 -2 -15 -1 -0.5 0 -2.5 -2 -15 -1 -0.5
N'llog p(x) N'llog p(x) N'llog p(x) N'llog p(x)

o

000000 DOROATA0NANN00DBM0 10 ODOANDO0) DOVOON00 10000,
0000100001000000, 0000000010000000
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Typical Set: Properties

] n rob
PFOOf 2: _n—l lng(X) — n_lz_logp(xl_) p—) E —lng(xl-) = H(X)

i=1

Hence Ve > 031N, s.t.Vin> N, p(‘— n”" log p(X) —H(X)‘ >g)<¢&

Proof 3a: fle.n, 1—£<p(Xe Tg(n)) < Zz—n(H(X)—g) _ 9n(H(x)=¢)

XeT( ")

PI‘OOf 3b: 1= ZP(X) > Zp(x) > 22 n(H(x)+e) _ — 2" n(H(x)+¢)

XeT( ") XeT( ")

Tg(n)

Tg(n)
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Asymptotic Equipartition Principle

“Almost all events are almost equally surprising”

o p(XETg(”))>1—8 and log p(X) = —nH(X)*ne

X" elements

Coding conseguence
— xeT™ :'0" + at most 1+n(H+e) bits
—xegT™ ‘1" + at most 1+nloglX| bits
— L = Average code length
<2+n(H+¢e)+ g(n 10g|.X|)

= n(H +e+¢& 10g|.X| + 2n_1)

< QT alements
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Source Coding & Data Compression

For any choice of 6 > 0, we can, by choosing block
size, n, large enough, do either of the following:

e make a lossless code using only H(x)+o bits per symbol
on average. < n(H+g+glog|.X| +2n‘1)

e make a code with an error probability < & using H(X)+ o
bits for each symbol

— just code T, using n(H+e+n™!) bits and use a random wrong code
If XeT,
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What N, ensures that p(x = Tg(”))> 1—¢?

2
O

2

From WLLN, if Var(— logp(x,.)): o’ then for any n and &
1 n

gzp[
n

— 2 ~log p(x,)~ H(X)

i=1

> gJ 30-—2 = p(x %Tg(”))s
n ne

Choose N,=0c’¢" = p(X S Tg(”))> 1—&

For this choice of N, , if xeT,™

log p(X) = —nH(X)tne=-nH(x)to’c™

So within T,”, p(x) can vary by a factor of 227"
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Smallest high-probabillity Set

7. is a small subset of X" containing most of the
probability mass. Can you get even smaller ?

For any 0 < &< 1, choose N, =—-¢log ¢, then for any
n>max(N,,N,) and any subset S satisfying |s| < o7 ()22

p(X S S(n)): p(x c S(n) ng(n))-l-p(X c S(n) ng(n))

max p(X) + p(x € F)

XET;”)

< 2n(H—28)2—n(H—8) + g for n> Ng

< ‘S(”)

=2 +e<2e forn>N, 277 <2 =¢

Answer: No
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Summary

e Typical Set
— Individual Prob  XeZ,” =logp(X) = —nH(x)tne
— Total Prob p(xeT")>1-¢& for n>N,
— Sjze (1= £)2"H =0 v 70| < grt 0o

e No other high probabllity set can be much
smaller than 7"

e Asymptotic Equipartition Principle
— Almost all event sequences are equally surprising

117



Jan 2008 118

Lecture 9

e Source and Channel Coding

e Discrete Memoryless Channels
— Symmetric Channels

— Channel capacity
e Binary Symmetric Channel
e Binary Erasure Channel
e Asymmetric Channel
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Source and Channel Coding

|

l7Channel Coding—l

Source Coding

|

—» Compress

>

Encode

-

Noisy
Channel

S

Decode

-

Decompress

e Source Coding
— Compresses the data to remove redundancy

e Channel Coding
— Adds redundancy to protect against channel

errors

Out

119
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Discrete Memoryless Channel

 Input: xeX, Output yelY Noisy | ¥V

Channel |

e Time-Invariant Transition-Probability Matrix

(Qy|x)l-’j :p(y:yj |X:xi)
— Hence p,=Q,,p,

— Q: each row sum = 1, average column sum = [X||J|"!

= Memoryless: p(y,|Xim Vi 1) = PU4IX,)
e DMC = Discrete Memoryless Channel
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Binary Channels

e Binary Symmetric Channel (l‘f f] xO % Oy
_X=1[01], ¥ = [0 1] e :

e Binary Erasure Channel (l—f f 0 ) Y )y
-X=[01],y=[021] Lo s 1-f |
1 1
e Z Channel 10 0—— 0
— — — X y
X=[01], Y =1[01] (f 1—fj 141

Symmetric:
Weakly Symmetric:
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Weakly Symmetric Channels

Weakly Symmetric:

— If xis uniform (i.e. p(x) = |X|"!) then yis uniform

P =Y p(|)p) =X p(y1x)=|X" <Xy " =y

xeX xeX

— Each row of Q has the same entropy so

Hy|x)=2 p(x)HWY | x=x)=H(Q,)) p(x)=H(Q,)

xeX xeX

where Q, . is the entropy of the first (or any other) row of the Q matrix

Symmetric:

Symmetric = weakly symmetric
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Channel Capacity

e Capacity of a DMC channel: C=Iréaxl(X;J/)

— Maximum is over all possible input distributions p,
— 3 only one maximum since /(x;)) is concave in p, for fixed p,,,
— We want to find the p, that maximizes I(x ;))
— Limits on C:
, , H(X,y)
0<C <min(H(x),H(y))< mm(log‘.X JoglH) & A

e Capacity for n uses of channel: @w
H(X) H()

1
C™" =— max (X105 1)
n le:n . ‘
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Mutual Information Plot

Binary Symmetric Channel 1-p 0 » ()

Bernoulli Input I(X3Y)
P x N7

| > |
1-f
1<
054 (S
SSOSN

10 Channel Error Prob (f)

Input Bernoulli Prob (p)
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Mutual Information Concave In p,

Mutual Information /(x;)) is concave in P, for fixed Pyix

Proof: Let v and v have prob mass vectors u and v
— Define z. bernoulli random variable with p(1) =4
— Letx=vuif =1 and x=vif =0 = p =AU+(1-A)v

(X, 2, y)=1(x;y)+ 1(Z; )y | X)=1(Z;y)+ 1(X; ) | Z)
| but I(z;y|x)=H()|x)-H(y|x,z)=0 so
Ox . I(x;y)21(x;y|2)
D= T =Gy [ 2=1)+(1=DI(x:y | 2=0)
(2)— = AU y)+ (1= DIV )
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Mutual Information Convex in py

Mutual Information /(x ;) is convex in p,,, for fixed p,

Proof (b) define u, v, xetc: p(Ulx) |
— py|x = ﬂ‘pu|x T (1 _ﬁ')pwx \,\>@
I(x;y,z2)=1(x;y|2)+1(Xx;2) p(w;;% 0l

=1(X; ) +1(x;2|y) (2)—

but I(x;z)=0 and I(x;z|y)=>0s0

I(x;y)<I(x;)y|2)
=AM y|z=1)+(1-A)I(x;y|z=0)

=A(x;u)+(1-A)I(x;V)
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n-use Channel Capacity

For Discrete Memoryless Channel:
](Xl:n;ylzn) — HU/l:n) _Ho/l:n | Xl:n)

DN OATIE W IAPS
< iHWZ)_iHW’ | X;) = i](Xi;yi)

with equality if x. are independent = y; are independent

We can maximize /(X;y) by maximizing each 1(x;);)
independently and taking x; to be I.i.d.

— We will concentrate on maximizing /(x; ) for a single channel use
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Capacity of Symmetric Channel

If channel is weakly symmetric:

(X y)=HWY)-HY|X)=H()-HQ,)<log|Y|-H(Q,,)

- Information Capacity of a WS channel is log|{~H(Q), .)

1-f
For a binary symmetric channel (BSC): 0 ‘ 0
- [Y[=2 X %
- HQ,)=H 1 1
Q) = H(f) w

— I(xy) < 1-H(f)
. Information Capacity of a BSC is 1-H(f)
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Binary Erasure Channel (BEC)

1-f
I-f f 0 ’ ’
0O f 1-f X 2y
A
I(x;y)=H(X)~H(x |y) ST
=H(X)-p(y=0)x0-p(y =7H(X)-p(y =Dx0
=HX)-H(X)f H(x ly) = 0 when y=0 or y=I
= (1- )H(x)
<l-f since max value of H(x) =1

with equality when X is uniform

since a fraction f of the bits are lost, the capacity is only 1-f
and this is achieved when x is uniform
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Asymmetric Channel Capacity

Let py=1[a a 1-2a]" = p=Q'p,= p, (0:a lff 0
H(y)=-2aloga—(1-2a)log(l1-2a) L Ly
H( | x)=2aH(f)+(1-2a)H(1) = 2aH(f) ¢ =i

To find C, maximize I(x ;) = H))— H(y'|x) ~~
[ =—-2aloga—(1-2a)log(1-2a)-2aH(f) —f 0

ﬂ:—210ge—210ga+210ge+210g(1—2a)—2H(f):O Q{ foo1=7 0}
da 0 0 1
log 2% —logla™ ~2)=H(f) = a=[2+27")'

= C=-2alog(a2"")-(1-2a)log(1-24) =-log(l-2a)

Examples: f=0=H()=0=a="1;= C=1og3 = 1.585 bits/use
f=%=H(f)=1=a="= C=log2=1 bits/use



Lecture 10

e Jointly Typical Sets
e Joint AEP

e Channel Coding Theorem
— Random Coding
— Jointly typical decoding
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Significance of Mutual Information

e Consider blocks of n symbols: . 21O
¥

2nH(y)

l:n NOisy )/lzn
—> —
Channel

— An average input sequence x,., corresponds to about 27700
typical output sequences

— There are a total of 2770 typical output sequences

— For nearly error free transmission, we select a number of input
sequences whose corresponding sets of output sequences hardly
overlap

— The maximum number of distinct sets of output sequences is
2n(HW)-HUX) = Qnl(y ;%)
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Jointly Typical Set

xy" is the 1.1.d. sequence {x,);} for 1 <i< n
— Prob of a particular sequence is p(X,y) = Hp(xl,yl)

— E-logp(X,y)=nE —log p(x;,y;) = nH(XJ/)

J" = {x yeXW :|-n"log p(X)-H(X)| <&,
—n" log p(Y)-H(¥)| <&,
‘_n_l Ing(X,y)—H(X,y) <‘9}
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Jointly Typical Example

Binary Symmetric Channel 0 > 0
f=02, p,=(0.75 0.25) X >< y
(065 035F. P, - 0.6 0.15 1 > |

Py =02 B0 P =005 02 1=

Jointly Typical example (for any &):
x=11111000000000000000
y=11110111000000000000
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Jointly Typical Diagram

Each point defines both an x sequence and a y sequence

Dots represent

- 2vloeH > jointly typical
4 - AnH(Y) _ pairs (X,y)
4 Typical in both x, y: 2"AXHY) .5t
Y o Inner rectangle
L represents pairs
nloglX| | | onH(X) A R P P
’ : (‘,\Gf&,;;;;:f”l'_»” Hew that are typical
‘0\\\)}.\,‘:5:5“" 2nHOX) in X or y but not
30Nzt necessarily
i e )
jointly typical
y | All sequences: 2"ostHH)

e There are about 2779 typical x's in all

Each typical y is jointly typical with about 27 of these typical X’s

The jointly typical pairs are a fraction 2/x:») of the inner rectangle

Channel Code: choose x’s whose J.T. y’'s don’t overlap; use J.T. for decoding
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Joint Typical Set Properties

1. Indiv Prob: x.yeJ" = logp(x,y)=-nH(x,y)+ne
2. Total Prob: p(x,yng’“)>1—g for n>N,

>N

3. Size: (1- g)zn(H(X’J/)—g) ! < < pnlH (x.y)+e)

Jo

Proof 2: (use weak law of large numbers)

Choose N, such that Van > N,, pQ— n" log p(X) —H(x)‘ > g)< g
Similarly choose N,, N, for other conditions and set N, = max(N,, N,, N,)

(m) |y -n(H(x.y)e)
JM2

Proof 3: 1-e< Y p(x,y)<|J"

max p(X,Yy)=

X,ye.]én) X’yng
L= ZP(X, y) = ‘Jé”) mlJI(ln) p(X, y) — Jén) 2_n(H(X’y)+g)
X,yeJ!

x,yeJ ™
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Joint AEP

If p,~p, and p,,=p, with x" and )/ independent:
(1— )2 15e) < plx y'e J™ )< 2034 for p> N

Proof: |J| x (Min Prob) < Total Prob < |J| x (Max Prob)
plx,y'es)= Y pxy)= X p(x)p(y)

x'y'es " xy'es "
plx,y'e s ?)<|u| max p(x)p(y")

xLy'eJ;

< 2”(H(X J/)+8)2 n(H(X)—e)z—n(H(y)—e) _ 2—n(l()( y)-3¢)
plx',y'e ")z

> (1-£)27"x%2) for p> N

min p(X')p(y')

x\y'eJ,
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Channel Codes

138

wel:M

Encoder

Xi:n
_>

Noisy
Channel

Vin
_>

Decoder
g(y)

We0: M
>

» Assume Discrete Memoryless Channel with known Q
e An (M,n) code Is
— A fixed set of M codewords x(w)eX” for w=1:M

— A deterministic decoder g(y)el:M

e Error probability

2, = ple(y(w) = w)= D py [X(9))5yy)

yel”

— Maximum Error Probability A" = max 4,

1SwM

M
— Average Error probabilit P(’“:i A
g p y ! M; y
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Achievable Code Rates

e The rate of an (M,n) code: R=(log M)/n bits/transmission

e Arate, R, Is achievable if
— 3 a sequence of ((ZRM) codes for n=1,2....
— max prob of error AW—0 as n—oo
we will normally write (2*,) to mean (]2 ],n)

e The capacity of a DMC is the sup of all achievable rates

e Max error probability for a code is hard to determine
— Shannon’s idea: consider a randomly chosen code
— show the expected average error probability is small
— Show this means 3 at least one code with small max error prob
— Sadly it doesn’t tell you how to find the code
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Channel Coding Theorem

e A rate R Is achievable if R<C and not achievable if R>C

— If R<C, 3 a sequence of (2"%,n) codes with max prob of error
AM—0 as n—»oo

— Any sequence of (2"%,n) codes with max prob of error AW—0 as
n—oo must have R<C

0.2

A very counterintuitive result: . |
: 2015 Achievable
Despite channel errors you can %
get arbitrarily low bit error g 0.1
rates provided that R<C 5 |
m 005 Impossible 1
% 1 2 3

Rate R/C



Lecture 11

e Channel Coding Theorem
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Channel Coding Principle

e Consider blocks of n symbols: . 21O
¥

2nH(y)

Xl:n NOisy J/lzn
—> —
Channel

— An average input sequence x;., corresponds to about
2"HUX) typical output sequences

— Random Codes: Choose 2" random code vectors x(w)
 their typical output sequences are unlikely to overlap much.

— Joint Typical Decoding: A received vector y Is very
likely to be in the typical output set of the transmitted
X(w) and no others. Decode as this w.
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Random (27%,n) Code

e Choose ¢ = error prob, joint typicality = N, , choose n>N,
» Choose p, so that I(x;))=C, the information capacity

e Use p, to choose a code € with random x(w)eX”, w=1:2"%
— the receiver knows this code and also the transition matrix Q

e Assume (for now) the message Wel:2"% is uniformly distributed

e If received value is y; decode the message by seeing how many
X(w)'s are jointly typical with y
— if X(k) Is the only one then £ is the decoded message
— if there are 0 or >2 possible £'s then 1 is the decoded message

— we calculate error probability averaged over all € and all W
()

P(E)= X p(O2 7,0 =25 p(O2,(0) = 3 pO€) = plE1w =)
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Channel Coding Principle

e Assume we transmit x(1) and receive y
- Define the events e, = {x(w),y e J" | for wel:2"

send x(1) e; true — very likely

l:n NOisy J/I:n
— > >
Channel

< ¥

e;Ues true — unlikely €2 true — unlikely

 We have an error if either ¢, false or ¢, true for w>2

e The x(w) for w# 1 are independent of x(1) and hence also

n(I(x,y)-3¢)

independent of y. So p(e, true) <2~ forany w1
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Error Probability for Random Code

e We transmit x(1), receive y and decode using joint typicality
 We have an error if either g, false or e, true for w>2

p(E

. . 2nR
W :1):p(@1 ue,ue, u---uean)g p(el)+Zew
2nR w=2
< g+22—n(1(x;y)—38) _ g+2nR2—n(1(X;y)—38)
i=2

< g 42X R3e) <9 for R<C—-3¢candn>— log&

C—-R-3¢

e Since average of P, ™ over all codes is < 2¢ there must be at least
one code for which this is true: this code has 2‘”RZ/1W <2¢

 Now throw away the worst half of the codewords; the remaining
ones must all have 1, < 4¢. The resultant code has rate R—n!'=R.
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Code Selection & Expurgation

e Since average of P, ™ over all codes is < 2¢ there must be at least
one code for which this is true.

Proof: | K—li P > K‘limin(})e(,?))= min(P® )
i=1 = |

K = num of codes

e Expurgation: Throw away the worst half of the codewords; the
remaining ones must all have 4 < 4e.

Proof: Assume A, are in descending order

M VM VM
2> M_lz/iw > M_IZ/IW > M_IZ/I%M 2 V2 Ay,
w=l1 w=1 w=l1

= Ay <ds = A,<4e Vw>LLM

M'=%x2""messages innchanneluses= R'=n"'logM'=R-n""
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Summary of Procedure

e Given R’<C, choose e<%(C-R") and set R=R’+e& = R<C -3¢
e Set n :max{Ng, —(loge) (C—R—-3¢), 8_1}
e Find the optimum p, so that I(x; ))=C

e Choosing codewords randomly (using p,) and using joint typicality
as the decoder, construct codes with 27% codewords

e Since average of P, ™ over all codes is < 2¢ there must be at least
one code for which this is true. Find it by exhaustive search.

e Throw away the worst half of the codewords. Now the worst
codeword has an error prob <4gs withrate R"=R—-n'>R—¢

e The resultant code transmits at a rate R" with an error probability
that can be made as small as desired (but » unnecessarily large).
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Lecture 12

e Converse of Channel Coding Theorem
— Cannot achieve R>C
— Minimum bit-error rate

e Capacity with feedback
— no gain but simpler encode/decode

e Joint Source-Channel Coding
— No point for a DMC

wel:2"™ Xin | Noisy | /i |Decoder| W €0:2"
—»| Encoder —» |
Channel g(y)
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Converse of Coding Theorem

 Fano’s Inequality: if P,* is error prob when estimating w from y,
H(w|y)<1+P" log|W|=1+nRP,"

e Hence nR=HW)=HW|y)+IW;y)
SHWIY)+I(X(W),Y)
<1+nRP™ +1(X;Y)

<1+nRP"™ +nC

1
L pwy ReCon o RC
R 1—>00 R

» Hence for large n, P, has a lower bound of (R—C)/R if w equiprobable

— If R>C was achievable for small =, it could be achieved also for large n by
concatenation. Hence it cannot be achieved for any n.

AN
wel:2"™ Xin | Noisy | V1= [ Decoder we0:2"
—» Encoder —» —> —»
Channel g(y)
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Minimum Bit-error Rate

VAN

X1 Noisy }/lzn iR

—> —» Decoder ———»
Channel

Vl :nR

—» Encoder

Suppose
— V. IS I.i.d. bits with H(V)=1
E{p(e)}

— The bit-error rate is B, = E{p(v £V, )}

(b)
nC>I(X1n9y1n) >1(V1nR;V1:nR) :H(Vl:nR)_H(VI:nR |V1.R)

=R S HW, V) SnR-3 H©, 1) =nRI- EH©,19)]
S urli~ Bl e 1V))) £ nrli- E{re) = nrli- H(E B, ) =nR(-H(B))

Then

=nR\l -

0.2

Hence
R<C(-H(R))
P>H'(1-C/R)

rror probability

2
Rate R/C
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Channel with Feedback

VAN
X i i w
Encoder —» Noisy » Decoder ——»

N Channel

e Assume error-free feedback: does it increase capacity ?

e A (2"% n) feedback code is
— A sequence of mappings x;=x,(w,y,., ;) for i=l:n
— A decoding function W =g(¥,,,)

e A rate R is achievable if 3 a sequence of (27%,n) feedback
codes such that P =PWw #w)——0

» Feedback capacity, Crz>C, Is the sup of achievable rates
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Capacity with Feedback

wel:2"R _ A
](W; y) = H(y)n_ H(y | W) M:i_ll_> Encoder L Cl;llglnsr)\/el yi» Decoder —W>

=H(y)—leHU/,- | Vs W)

:H(y)—lil:H(J/,- | Viis W5 X))

= HY)= D H, | x)

< izn;H(y,-)—iZn;H(yi | X;) = anll(xi;yi) <nC
Hence

nR=HW)=HW|y)+Iw;y) <1+nRP"™ +nC

R-C-n"
R The DMC does not benefit from feedback: C,, = C

(n)
=P 2
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Example: BEC with feedback

Capacity is 1-f 0T o
Encode algorithm

— If =7, retransmit bit i X (] ry
— Average number of transmissions per bit: 1 = 1

1
1 Zy=
+f+f+ 7
Average number of bits per transmission = 1-f
Capacity unchanged but encode/decode algorithm much

simpler.

153
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Joint Source-Channel Coding

Vl:n Xl:n NOisy J/I:n .
—» Encoder ——» Channel ——» Decoder ——»

>

e Assume v, satisfies AEP and |P|<oo

— Examples: i.i.d.; markov; stationary ergodic
e Capacity of DMC channel is C

— if time-varying: C =limn'I(X;Y)

n—o

e Joint Source Channel Coding Theorem:
3 codes with P =PW,, #v,,)———0 iff HV) < C
— errors arise from incorrect (i) encoding of 7 or (ii) decoding of Y

source coding and channel coding
might as well be done separately since same capacity
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Source-Channel Proof (<)

e For n>N_ there are only 2##1*9 v's in the typical
set: encode using n(H(V)+¢) bits
— encoder error < ¢

e Transmit with error prob less than £so long as
HWV)t+ e<C

e Total error prob <2¢
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Source-Channel Proof (=)

VAN
1: NOiS J/1: V.
— " »| Encoder —» Chanr¥el > Decoder —2—»

Fano's Inequality:  H(V|Vv)<1+P"nlogll

HW)<n'H(v,,)
— n_lH(Vlzn | l;lzn) + n_ll(vlzn ) l;lzn)

<n (14 PPnlogV))+ n 7 I(x,,:¥,,)
<n”' +P" loglV|+C

let n—oo = P" >0 = HW)<C
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Separation Theorem

e For a (time-varying) DMC we can design the
source encoder and the channel coder
separately and still get optimum performance

— Correlated Channel and Source

— Multiple access with correlated sources
e Multiple sources transmitting to a single receiver

— Broadcasting channels

e one source transmitting possibly different information to
multiple receivers

157
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Lecture 13

e Continuous Random Variables

e Differential Entropy
— can be negative
— not a measure of the information in x
— coordinate-dependent

e Maximum entropy distributions
— Uniform over a finite range
— Gaussian If a constant variance
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Continuous Random Variables

Changing Variables

. pdf: f,(x) CDF: F.(0=[ f(dt

e For g(x) monotonic: ¥ =g(x) < x=g'(¥)
F,»n=Flg"(») or 1-F,(g"(»)

CdF,(») . (a, \\dg (D)
5, = & —fx(g (») &

YN e
e Examples:

Suppose f,(x)=0.5 for xe€(0,2) = F,(x)=0.5x
(@) y=4x = x=025y = f,(1)=05x025=0.125 for ye(08)

by z=x' = x=2" = [, (2)=05x%z"=0.125z" for ze(0,16)
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Joint Distributions Distributions

160

Joint pdf: Sy (X))
Marginal pdf:  f.=] f., @y
Independence: < f,,(x»)=/1,x)/f, ()

Conditional pdf:  r  (x)= S X],(yy((’;’)y)

Example:
S, =1for ye(0,),xe(y,y+1) .
Sy =1for xe(y,y+1) Ix .
fow = 1 for y e (max(0, x —1), min(x,1))

min(x,l — x)
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Quantised Random Variables

e Given a continuous pdf f(x), we divide the range of xinto

bins of width A -

— For each i, 3x, with f(x;)A = _[A f(x)dx
e Define a discrete random variable Y

- Y= {x;} and Py~ x)A}

— Scaled,quantised version of f{x) with slightly unevenly spaced x;,
«  HY)=-) f(x)Alog(f(x)A)

= —log A=Y f(x;)log(f(x)A

- —logA— [ f(x)log f(x)dx =—logA+h(X)

A—0

- Differential entropy: h(x)=— j“; £, (x)log f, (x)dx
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Differential Entropy

Differential Entropy: h(x)i— jw f.(x)log f. (x)dx=E —log f, (x)
Bad News:
— h(x) does not give the amount of information in x

— h(X) I1s not necessarily positive
— h(x) changes with a change of coordinate system

Good News:

— h,(X)—h,(x) does compare the uncertainty of two continuous
random variables

— Relative Entropy and Mutual Information still work fine

— If the range of x is normalized to 1 and then xis quantised to »
bits, the entropy of the resultant discrete random variable is
approximately #(xX)+n
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Differential Entropy Examples

e Uniform Distribution: x ~U(a,b)
— f(x)=(b—a)" for xe(a,b) and f(x) =0 elsewhere
— h(x)=~[ (b-a)"log(b—a) " dx=log(b-a)
— Note that #(x) <0 if (b—a) <1
e Gaussian Distribution: x ~ N(u,0?)
— /=0 expl-vatr- w202
= h(x)=~(loge)| f(x)Inf(x)dx

~~(oge)[ f(0(-%Inr0")~h(x~ ')
=%(log e)(ln(272'c72) + G_zE((x - /u)z ))
— th(loge)(In(275°) +1) =":log(27ec”) = log(4.15) bits
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Multivariate Gaussian

Given mean, m, and symmetric +ve definite covariance matrix K,

X, ~NMK) < f)=paK|" exp(-4(x —m)" K™ (x —m))

h(f) =~(1oge)[ £ () (= Va(x=m) K" (x=m) ~ s In27K] ) dx
~ valog(e)x (122K + E((x—m) K (x—m)))
=1 log(e)x (ln‘ZﬂK + E tr((x -m)(x—m)’ K_l))
— Vs log(e)x (Inj27K |+ tr(E(x —m)(x—m) K ))
=1 log(e)x (111‘2721’( +tr(KK—1)) zl/zlog(e)x(ln‘27zl(‘+n)
zl/zlog(e ) Y2 1og| 272K|)
l/zlog(j27reK‘) bits
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Other Differential Quantities

Joint Differential Entropy
hx,Y)==[[ f) (e 9)0g £, (x, y)dxdy = E~log £, (x, )
X,y
Conditional Differential Entropy

h(x | ) =~[[ £, ) log £, (x| )dxdy = h(x,y) = h(y)

Mutual Information
Juy (X, )
I =71, (x I R4
(X:)) j j fry (e p)log s o
Relative Differential Entropy of two pdf’s:
D(/119)=[ rx)log T ay
g(x)
=—h,(x)—E,logg(x)

dxdy = h(X)+h(y)-h(x,y)
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Differential Entropy Properties

Chain Rules  a(x,y)=h(x)+h(y | xX)=h(y)+h(x|y)
I(x,y;2)=1(x;2)+1(V;Z | X)

Information Inequality: D(f|g)=0
Proof: Define S ={x: f(x)>0}

~D(f119)= [ f09log S ax~ E[log g(x)]

%) ()
<1 Eg(x)] =1lo [ g()dj
- Og( F0) Bl AT

= log[j g(x)dx] <logl=0
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Information Inequality Corollaries

Mutual Information > 0
I(X;Y)=D(f, | £ S)) 20

Conditioning reduces Entropy
h(xX)=h(x|y)=1(x;y)=0

Independence Bound

hOX) = Y HOG X, ) < Y A(X)
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Change of Variable

Change Variable: y =g(x)

. dg™'
from earlier ./, (¥) =/, (g '(») gdy(y)
hy)=~Elog(f,(y) =~Elogl/,(g" W)-E log%
— Elog(f,(x))- Elog ™| = h(x)~ Elog™
dy d

Examples:
— Translation: y=x+a = dy/dx=1 = h(y)=h(x)

— Scaling: y=cx = dyldc=c = h(y)=h(x)-logc|
— Vector version: y,, =Ax,, = h(y)="h(x)+logdet(A)|

not
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Concavity & Convexity

e Differential Entropy:
— h(x)Is a function of f,(x) = 3 a maximum
e Mutual Information:
— I(x,; ) isa function of £, (x) for fixed f,,, (v)
— I(x; y) Is a convex function of f,, (y) for fixed f,(x)
Proofs:
Exactly the same as for the discrete case: p,=[1-4, A]7

@_\1 @ \1 fux)
o

e
o

H(x)2H(x|2z) I(x;y)21(x;y|2) I(x Y)<I(x;y|2)

Jnx fvx)

i
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Uniform Distribution Entropy

What distribution over the finite range (a,b) maximizes the
entropy ?

Answer: A uniform distribution u(x)=(b—a)!
Proof:
Suppose f(X) Is a distribution for x e(a,b)
0<D(f||u) =—h,(x)—E, logu(x)
=—h,(x)+log(b—a)

=  h,(x)<log(b-a)
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Maximum Entropy Distribution

What zero-mean distribution maximizes the entropy on
(—oo, c0)" for a given covariance matrix K ?

Answer: A multivariate Gaussian #(x) =‘272K‘_1/2 exp(— 1/szK‘lx)
Proof:  0<D(f||¢)=—h,(X)~ E, log ¢(x)
= h,(x) <—(loge)E, (- 1/21nQ27zK\) Vix K 'x )
= Yy(loge)(In(27K|)+ trE . xx"K "))
= (log e)(ln(27zK )+ tr( ))
= log(27eK|) = h,(x)
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Lecture 14

e Discrete-time Gaussian Channel Capacity
— Sphere packing

e Continuous Typical Set and AEP

e Gaussian Channel Coding Theorem

e Bandlimited Gaussian Channel
— Shannon Capacity
— Channel Codes
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Capacity of Gaussian Channel

Discrete-time channel: y,= x + z Z
— Zero-mean Gaussian i.i.d. z,~ N(O,N) X, Y,

. -1 2
— Average power constraint 7 in <P
i=l1

Ey’=E(x+2) =EX>+2E(X)E(Z)+Ez*<P+N

Information Capacity

~ Define information capacity: € =max /(x;))

I(X;J/)(; hY)=hy | X) =h(y)=h(x +Z|X)

= h(y)-h(z|x) =h(y)-h2Z)
< Ylog2me(P+ N)-":log 2meN

=1 log(l + PN_I) = J [%]dB

The optimal input is Gaussian & the worst noise is Gaussian
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Gaussian Channel Code Rate

y4

VAN
AR AR
M» Encoder L»éy—> Decoder LM»

e An (M,n) code for a Gaussian Channel with power
constraint is
— A set of M codewords x(w)eX” for w=1:M with X(w)’X(w) < nP Vw

— A deterministic decoder g(y)<0:M where 0 denotes failure
— Errors: codeword: 4 max: A" average:P"

l

e Rate R is achievable if 3 seq of (27%,n) codes with A — 0

n—

e Theorem: R achievable iff R<C = 1/210g(1+PN_1)
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Sphere Packing

e Each transmitted x; Is received as a
probabilistic cloud vy,
— cloud ‘radius’ = +/Var(y|x)=+vnN

e Energy of y, constrained to n(P+N) so
clouds must fit into a hypersphere of

radius n(P+N)
e Volume of hypersphere oc r"
e Max number of non-overlapping clouds:

(I’ZP+ nN)l/m _ 21/znlog(1+PN_l)
(nN )/m
e Max rate is %log(1+PN )
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Continuous AEP

Typical Set:
For any €=>0 and any »n, the typical set with respect to f(x) is

T = \xeS":|-n"og £ ()~ h(x)| < &}
where Sis the support of f< {X : AX)>0}

f(X)= ﬁf(xl.) since x, areindependent
i=1
h(x)=E—log f(x)=-n"Elog f(X)
Typical Set Properties
1. p(xeT™)>1-¢ for n>N,
n>N,
2. (1-£)2" "0 < yol(TM) < 2"+

where Vol(4) = _[ dX

XeA

176
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Continuous AEP Proof

Proof 1: By weak law of large numbers
' log £ (x,,) ==Y log £(x,) > E~log £ (x) = h(x)

i=1
prob

Reminder: X, >y = Ve&>0,3N,suchthatva>N,, P(x,-y|e)<e

Proof 2a: ff(x)dx for n>N,

Proof 2b: 1= j FO0ax= [ f(x)dx

a

> 9-n(h(X)+e) .[dx _ p-n(h(x)+e) Vol(Tg("))

s

177
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Jointly Typical Set

Jointly Typical: x,y; I.I.d from R= with f,  (x,;)

—n""log f ()~ h(x)| < &,
-nlog f(y)—h(y)] <.
=07 log £y 06Y)—h(X,p) <)

J" = {x,y e R>":

Properties:
1. Indiv p.d.:  xyeJ” =logf,, (X,y)=-nh(x,y)tne
2. Total Prob: plx,yeJ®)>1-& for n>N,
n>N,
3. Size: (1—g)2" =2 < Vol(J y))g ynlh(x.y)+z)
n>N,
4. Indep X,y': (1-g)2"w=e) < p(x',y'e J(f,”))s ol xiy)=3e)
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Gaussian Channel Coding Theorem

R is achievable iff R<C ='%log(l+PN")

Proof («<):
Choose ¢ >0
Random codebook: x, 6 e®R" for w=1:2" where x, arei.i.d.~ N(0,P-¢)
Use Joint typicality decoding

Errors: 1. Power too big p(xTx>nP)—>o = <gforn>M,
2.ynotJ.T.withx pXyeJ"”)<e for n>N,

2nR
3. another x J.T. withy > p(X,,y, € J")<(2"™ —1)x 2710732

j=2
Total Err P™ <&+ +27"R32) < 30 for large nif R < I(X;Y) -3¢

Expurgation: Remove half of codebook™: A" < 6¢

We have constructed a code achieving rate R—n!
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Gaussian Channel Coding Theorem

Proof (=): Assume P —0 and n'x'x< P for each x(w)

nR=HW)=1W;y, )+ HW|Yy,,) e 0 P00
< I(Xlzn;yl:n)+H(W |y13”)
= h(yl:n) _hO/I:n | Xl:n) +H(W |yl:n)

gih(y,.)—h(zm)+H(lelzn)

<> I(x;y,)+1+nRP"
i=l

< ilog(l+ PN )+ 1+ nRP®

i=1

R<Ylog(l+ PN )+n™ + RP™ — V:log(l+PN ™)



Jan 2008 181

Bandlimited Channel

e Channel bandlimited to fe(—W,W) and signal duration T
e Nyquist: Signal is completely defined by 2WT samples

e Can represent as a n=2WT-dimensional vector space with

prolate spheroidal functions as an orthonormal basis

— white noise with double-sided p.s.d. 2N, becomes
I.I.d gaussian N(0,'2N,) added to each coefficient

— Signal power constraint = P = Signal energy < PT
e Energy constraint per coefficient: n ' XIX<PT2WT=%W-1P

* Capacity: C= 1/210g(1 + YW ' P(aNy) ™ )x 2W
= Wlog(l +N, 1W‘lP) bits/second



Shannon Capacity

Bandwidth = W Hz, Signal variance =, "' P,Noise variance = 4N,
Signal Power = P, Noise power = N W, Min bit energy = £, = PC™
Capacity = C = Wlog(l + PN, 1W‘l)bits per second

Define: W, =PN," = C/W, = /W, )log(i+ (W 1W,)") - loge
=C'W,=E,N,' -> In2=-1.6dB

W —w0

e For fixed power, high bandwidth is better — Ultra wideband

Capacity / W,

0 > 4 5 0 0.5 1 15 >
Bandwidth / W, Bandwidth/Capacity (Hz/bps)
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Practical Channel Codes

Code Classification:
— Very good: arbitrarily small error up to the capacity
— Good: arbitrarily small error up to less than capacity
— Bad: arbitrarily small error only at zero rate (or never)

Coding Theorem: Nearly all codes are very good
— but nearly all codes need encode/decode computation o 2”

Practical Good Codes:
— Practical: Computation & memory oc n* for some k
— Convolution Codes: convolve bit stream with a filter
e Concatenation, Interleaving, turbo codes (1993)

— Block codes: encode a block at a time
e Hamming, BCH, Reed-Solomon, LD parity check (1995)
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Channel Code Performance

POWER versus BANDWIDTH

|
|

— 16-QAM to 256-QAM
— Convolution Codes
e Value of 1 dB for space

— Better range, lifetime,
weight, bit rate

— $80 M (1999)

ol ey ! T e Power Limited
K O  uncoded - ngh bandWIdth

N EE u‘ coded 14 — Spacecraft, Pagers
§ f% — Use QPSK/4-QAM
:‘;;’ I\XQW% Pk - — Block/Convolution Codes
g o ke e Bandwidth Limited
z ‘“”2 | i S| — Modems, DVB, Mobile
% e TTC s tl: _H7 phones
[4D] .
3
o

0 0.5 1 1.5 2
Required Bandwidth/Bit Rate

Diagram from “An overview of Communications” by John R Barry, TTC = Japanese Technology Telecommunications Council
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Lecture 15

e Parallel Gaussian Channels
— Waterfilling

e Gaussian Channel with Feedback
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Parallel Gaussian Channels

« n gaussian channels (or one channel » times)
— e.g. digital audio, digital TV, Broadband ADSL

* Noise Is independent z ~ N(0,N))

Z
e Average Power constraint EX/’X < P 1
X N
e Information Capacity: C= max [(X;Y)
f(X):E x"X<P : :
* R<C < R achievable o,

— proof as before
e What is the optimal f(x) ? n Y
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Parallel Gaussian: Max Capacity

Need to find fix): C= max I(X;Y)

f(X):E x"x<P
I(X;Y)=h(Y)—h(Y | X) = h(y)—h(z | X)
= HY) @)= h(y) = Y H(Z,)
(a) (b) 1
<M (h(y)-h(z) <Y Valog(i+PN;")
Equality when: (a) J);indep = x; indep; (b) x.~ N0, P;)

We need to find the P, that maximise Zl/zlog(HBN[l)
i=l
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Parallel Gaussian: Optimal Powers

We need to find the P; that maximise log(e)zl/zln(1+ EN;I)
— Subject to power constraint ZB =P =1
— use Lagrange multiplier !

J=Y%In(l+PN")-2> P Zy
i=1 i=1
o 4 -1 P
—=WP+N,) —A=0 = P+N, =24
o AP +N,) —=2=0 +N, =" P, P, 3
-1
Also Y P=P = A= 1/27/1(})+ ZNij
i=1 i=1 N N3
1 N2

Water Filling: put most power into
least noisy channels to make equal
power + noise in each channel
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Very Noisy Channels

e Must have sz 0Vi
e If 221 <N, then set P=0 and At

recalculate A p
1 P2 N3

(not examinable) NN

2

— Max f(x) subject to Ax+b=0 and
g.(X)>0 for iel: M with f, g. concave

— set J(X)Zf(X)—i,uigi(X)—KTAx

— Solution X,, A, g Iiff
VJ(X,)=0, AX+b=0, g,(xX,)=20, 220, pg.(Xx,)=0



Correlated Noise

e Suppose y =X+ 2z where Ezz"=K, and E xx! =K,
 We want to find K, to maximize capacity subject to
power constraint. EY x7<nP < t(Ky)<nP

i=1

— Find noise eigenvectors: K, =QDQ" with QQ" =1

— Now Qly=0QX+Qz=Q'Xx+w
where E ww’ = E Q’zz'Q = E Q'K ,Q = D is diagonal
* = W, are now independent

— Power constraint is unchanged tr(Q"K ,Q)=tr(K ,QQ")=tr(K , )
— Choose Q'K,Q=LI-D where L=P+n"'tr(D)

= K, =Q(LI-D)Q’
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Power Spectrum Water Filling

_ I\hiseSIpe(mm
e |f z Is from a stationary process
then diag(D) — power spectrum T
n—>0 35r
25 L

— To achieve capacity use waterfilling on

noise power spectrum lsj \/\ /J L

P=[ max(L-N(f).0)df : 0

C = J‘_V:VI/Z log(l + maX(L - N(f)ao)j df L Tansmispeon "

N(f)

eeeeeeeee
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Gaussian Channel + Feedback

Does Feedback add capacity ? w
— White noise — No oaer — >
— Coloured noise — Not much |_>
C X, =X, W) -
1W:y) = h(y)~ (Y | W) = h(Y) =S hy, W yy)  Chain e =5 Sn)
i=l
=h(y) _Zh(yi (WY i X1 Z1ict) X=x,(W}j.; 1), Z=Y — X
i=1
= h(Y) =D h(Z, |W, Y X 210 Z = y — X and translation invariance
i=l
=h(y)-D Mz |2,.) z depends only on z,_.
i=l
_ h(y)—h(2) Chain rule, #(z)=":log(27eK,|) bits
‘K ‘ = maximize I(w;y) by maximizing 4(y) = Yy gaussian
=1 log—L

‘Kz‘ = we can take z and x =Yy - z jointly gaussian
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Gaussian Feedback Coder

X and z jointly gaussian = »
X. .
X =Bz +Vv(w) — | Coder [ S

where v is indep of z and |_>
B is strictly lower triangular since x; indep of Zz for ;>i.

y=X+z=B+1)z+v

K, =Eyy” = E((B+1)zz" B+1)" +wW’)=(B+DK,B+1) +K,

K, =Exx’ ZE(BZZTBT+VVT) =BK,B" +K,

(B+DK,(B+D"+K,
K,

: K
Capacity: C, ;= I&laéil/zn_l Kyl I}lgaé(l/zn_l log

K,

subject to K, =tr(BK,B" +K, )<nP
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Gaussian Feedback: Toy Example

K 2 1 0O O 25 . . .
n= 2, P = 2, = , B =
I 2 b 0 20} det(l 1y)

X=Bz+V

194

<
Goal: Maximize (w.r.t. K, and b) ® 10}
det(Ky) =det(B+ 1K, B+1Y +K,)
SUbjeCt to: 1s 1 05 g) 05 1 15

K, must be positive definite

Power constraint : tr(BKZBT + Kv)s 4

Solution (via numerically search):
b=0: det( Ky)=16 C=0.604 bits
b=0.69: det(K,)=20.7  C=0.697 bits

Power: V1V2 bZ1
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Max Benefit of Feedback: Lemmas

Lemma 1: K, tK, , =2(K +K))
K., +K _, =EXx+z)x+z) +E(x-z)x-z)
:E(xxT+sz+sz+zzT + xxT—sz—sz+zzT)
— E(ZxxT +222T): 2(K, +K,)
Lemma 2: If F,G are +ve definite then det(F+G)>det(F)
Consider two indep random vectors f~N(0,F), g~N(0,G)
s log((27e)’ det(F +G))=h(f +g)
>h(f+g|9)=n(f|9)
= h(F) = Y log((27e)" det(F))

Hence: det(2(K,+tK,)) = det(K,, ,tK, ,) = det(K, ) = det(K,)
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Maximum Benefit of Feedback

Z

w
> X, .
Coder —’»é——y’>

det(K |_>
C ., < max %n log ()
’ tr(K )<nP det(K i )

< max Y%n ' log det(2(KX K, ))
(K, )<nP det(K,)

Yl 1ng det(K, +K,)
(K )<nP det(K,)

=Y+ max Yn log det(K, +K,) =% +C, Dbits/transmission
tr(K , )<nP det(K,)

Having feedback adds at most 2 bit per transmission



Jan 2008 197

Lecture 16

e Lossy Coding

e Rate Distortion
— Bernoulli Scurce
— Gaussian Source

e Channel/Source Coding Duality
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Lossy Coding

x>

X Encoder | S, el:2"" Decoder 1:n

f() "I 90 >

Distortion function: d(x,x)=0

A 0 x=x
— examples: (i) d(x,%)=(x—%)° (i) a@,(xnc)={1 i

— sequences: d(x,f()inlzn:d(xi,ii)
i=l
Distortion of Code 7,(),g,(): D = E)(Exnd(x,k): E d(x,g(f(x)))

Rate distortion pair (R,D) is achievable for source X if
3 a sequence f,() and g,() such that limE _,,d(X,g,(f,(X)) <D

n—»0
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Rate Distortion Function

Rate Distortion function for {x;} where p(X) is known is
R(D)=1nf R such that (R,D) is achievable

Theorem: R(D)=minI(x;x) over all p(x,x) such that:
(a) p(x)Is correct
(b) E, . d(x,x)<D

— this expression is the Information Rate Distortion function for X
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R(D) bound for Bernoulli Source

Bernoulli: X =1[0,1], p,=[1-p, p] assume p < '

— Hamming Distance:  d(x,x)=x®x
— If D>p, R(D)=0 since we can set g( )=0 e
— ForD<p<'hif Ed(x,x)<D then
I(x: %)= H(xX)—H(x | X)
— H(p)-H(x ® X| %)
>H(p)-H(Xx ® X)
> H(p)-H(D)

Hence R(D) > H(p) — H(D)
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R(D) for Bernoulli source

We know optimum satisfies R(D) > H(p) — H(D)
— We show we can find a p(x,x) that attains this.
— Peculiarly, we consider a channel with x as the

Input and error probability D

Now choose r to give x the correct
probabilities: 22

(1-r 0

r(-D)+(-r)D=p
= r=(p-D)(1-2D)"

. 7 1

Now I(x;X)=H(Xx)-H(x|X)=H(p)-H(D)

and p(x #X)=D

1-D

P

1-D

0 1-p)

1

201

> X

P

Hence R(D) = H(p) — H(D)
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R(D) bound for Gaussian Source

e Assume X ~ N(0,0°)andd(x,x)=(x-x)

e Want to minimize I(x;x) subject to E(x —x)* <D

1(X: %) = h(X) = h(x | X)
=log2mec” —h(xX — X | X)
> log2mec” —h(X — X)
> log2mec” — Y 10g(27ze Var(X - )?))
> log2mec” — Vs log 2 meD

2

I(X;X) > max[l/z log%,Oj
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R(D) for Gaussian Source

To show that we can find a p(X,x) that achieves the bound, we
construct a test channel that introduces distortion D<o?

Z~ N(0,D)

X~ N(0,6*-D) x~ N(0,0?)
+ |

1(X;X) = h(X)—h(x | X) 35

=Y log2mec” —h(X — X | X)

— 1/210g Qrec’ — h(z | )?) R .2 achievable
2 T
- l/zlog% -

o 2 0.5| »
N D(R)z( j 0|mpos,3| e

2R 0 0.5 1 1.5
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Lloyd Algorithm

Problem: Find optimum quantization levels for Gaussian pdf

a. Bin boundaries are midway between guantization levels
b. Each quantization level equals the mean value of its own bin

Lloyd algorithm: Pick random quantization levels then apply
conditions (a) and (b) in turn until convergence.

8 level quantization

0.4 . . ~ 3 - 0.2
2 2f 1
0.3} {2 0.15
5 ap— 00—
=)
0.2} { £ of 1 ® o1
S /— 1 =
e ——
0.1} 1> ¥ 0.05
/ \ i -
| LLtrririrgld | .
0 : - - 3 ) .
3 2 1 0 1 ) 3 0 1 z 0
10 10 10 10° 0" 102

Iteration Iteration

Solid lines are bin boundaries. Initial levels uniform in [-1,+1]
Best mean sq error for 8 levels = 0.034542. Predicted D(R) = (07/8)%> = 0.015602
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Vector Quantization

To get D(R), you have to quantize many values together
— True even if the values are independent

D =0.035 D =0.028
2.5 2.5
o)
o) o) o) o) o)
2 - 2}
o) o
1.5¢ - 1.5¢
o o0 o o o ©
1l ] 1| © o)
o) o) o) o) o o)
0.5} ] o5t° © 5
o) o) o) o) o o o
O M M M " " M M "
0 0.5 1 1.5 2 2.5 c)O 0.5 1 1.5 2 2.5

Two gaussian variables: one quadrant only shown
— Independent quantization puts dense levels in low prob areas
— Vector quantization is better (even more so if correlated)
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Multiple Gaussian Variables

e Assume x,., are independent gaussian sources with
different variances. How should we apportion the
available total distortion between the sources?

e Assume x,~N(0,6%)and d(x,%)=n"'(x—%) (x-%)< D

](Xlzn;)?lzn) 2 ZI(XN)?z)
i=l1

1

n n 2
> ZR(DZ.) = Zmax[l/z log 2" ,Oj
i=l i=l1

n 2
We must find the D, that minimize Zmax(%logg ,Oj

i=1 i
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Reverse Waterfilling

207

2

Minimize ZmaX(l/z
=1

i

Use a Iagrange multiplier
J = Zl/z

o D'+ A=0 = D, =%l"=
oD

Y D,=nD,=nD = D,=D
i=1
Choose R, for equal distortion

» If o?<D then set R=0 and increase D, to
maintain the average distortion equal to D

e If x; are correlated then reverse waterfill
the eigenvectors of the correlation matrix

l ,O} subject to » D, <nD

Valogo ?
YilogD{L——-L—{¥__
X A X
Ylogo 2
Yl _oll R
20% R R,=0 >
P e
YalogD
X X, X
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Channel/Source Coding Duality

Noisy channel

e Channel Coding

— Find codes separated enough to
give non-overlapping output
Images.

— Image size = channel noise

— The maximum number (highest
rate) is when the images just fill
the sphere. Lossy encode

e Source Coding
— Find regions that cover the sphere
— Region size = allowed distortion

— The minimum number (lowest rate)
IS when they just don’t overlap Sphere Covering

Sphere Packing
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Channel Decoder as Source Coder

z,..~ N(0,D)

We2mR V., ~N(0,6>-D) X, ~N(0,c) We2nk
——» Encoder + : » Decoder ——»

e For R=C-= 1/210g(1+(0'2 —D)D‘l) , we can find a channel
encoder/decoder so that p(w #w)< ¢ and E(x,—y.)* =D

e Reverse the roles of encoder and decoder. Since
p(W # l/f/)< g,also p(x 2 y)<ecand E(x,-x,)’ =E(x,—y,)’ =D
Z, ~N®O,D)

A
W Y, X, ~N0,0) W enk X
—»{ Encoder + ' » Decoder » Encoder >

We have encoded x at rate R=%log(c>D') with distortion D
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High Dimensional Space

210

In » dimensions

: V A
— “Vol” of unit hypercube: 1 k 1 f
— “Vol” of unit-diameter hypersphere: : : 2
v 2 0.79 3.14
7" (an—Y%)/n!  n odd
V, = o 3 0.52 3.14
77" 27" [(Yan)! n even
4 0.31 2.47
— “Area” of unit-diameter hypersphere: 10 7 503 500
d o
4, =E(2") Ve =2nb, 100 | 1.9e-70 |3.7¢-68
r=Y

— >63% of V isinshell 1-n")R<r<R

Proof: (L-n) = ™ =0.3679

Most of n-dimensional

n-s space is in the corners




Lecture 17

e Rate Distortion Theorem
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Review

X >

X, | Encoder| f.)€l:2"™ | pecoder

£0 "l 20

1:n

Rate Distortion function for x whose p.(x) Is known is
R(D)=inf R suchthat 3f,,g, with limE __,d(X,X)<D

n—a0

Rate Distortion Theorem:
R(D)=min I(x;x) over all p(x|x) such that £, ,d(x,x)<D

achievable

R(D) curve depends on your choice of d(,) **limpossi

0 0.5 1 1.5
D/c?
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Rate Distortion Bound

Suppose we have found an encoder and decoder at rate R,
with expected distortion D for independent x; (worst case)

We want to prove that R,>R(D)=R(E d(x;X))
— We show first that R, 2 n_IZI(X,-;)?,-)
_ We know that [(x;;X,) > R(E d(x,; X))

— and use convexity to show
n'Y R(E d(x,;X,))> R(E d(x;X))= R(D)
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Convexity of R(D)

If p(x|x) and p,(x|x) are >
3.
associated with (D,,R,) and (D,,R,) el
on the R(D) curve we define 4
R R n a (O,.R)
P, (x| x)=Ap,(x[x)+(1=A)p,(x|x) %15
Then _—
E, d(x,%)=AD,+(1-A)D, =D, > 0O,R,)
00 D 0i5 1 15

R(D,) <1, (X;X)
<AL, (X K)+ (1=, (X3 X)
= AR(D,)+ (1~ )R(D,)



Proof that R > R(D)

nRO ZH()?IW)=H()?1:”)—H()?I:” |X1:n) Uniform bound; H(X|Xx)=0

— ](Xl;n;Xl;n) Definition of I(;)
ZZI(Xi;)?i) X indep: Mut Inf
i=1 Independence Bound

> ilR(E d(Xl.;)?l.)): ngn_lR(E d(Xl.;)?l.)) definition of R

> nR(nIZE d(Xi;)?l.)) = nR(E d(Xlzn;)?I:n)) convexity
i=1 defn of vector d( )

> nR(D) original assumption that E(d) < D
and A(D) monotonically decreasing
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Rate Distortion Achievabillity

X, Encoder

1,0

fix, )el:2mk

Decoder

g,()

A
X

1:n

>

We want to show that for any D, we can find an encoder
and decoder that compresses x,., to nR(D) bits.

* pyIS given

e Assume we know the p(*[x) that gives /(x;x)=R(D)

e Random Decoder: Choose 2" random X. ~

N

1

Py

— There must be at least one code that is as good as the average

e Encoder: Use joint typicality to design

— We show that there is almost always a suitable codeword

216
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Distortion Typical Set

Distortion Typical: (x,%,)e XxX drawni.i.d. ~p(x.3)

TP =% Ke X x X"

—n""log p(X)— H(X)
—n"'log p(X)— H(X)

<ég,

<g,

‘— n”' log p(X,X) —H(X,)?)‘ <&
d(x,%)—E d(x,%)| < 5

Properties:

1. Indiv p.d.:

X, X eJU(,’Q = logp(x,f()z —nH(X,X)*ne

2. Total Prob: p(x,f(le,’f;)>1—g for n>N,

217
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Conditional Probability Bound

Lemma: x%eJ{ = p(%)> p(x|x)2 ")

Proof: p($<|x)=M

take max of top and min of bottom
)p(x)

bounds from defn of J

S p(x 2—n(H(X)+8)2—n(H()?)+8)

_ p()f\()zn(l(x;)?)+38) defr of 7
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Curious but necessary Inequality

Lemma: u,vel[0,1],m>0 = (I-uv)"<l-u+e™

Proof: u=0: ¢™ >0 = (1-0)"<1-0+e ™

le: DEfIne f(V):e_v_1_|_V — fr(v)zl_e_v
f(0)=0and f'(v)>0forv>0 = f(v)=0forve[0,1]

Hence for ve[0,]], 0<l-v<e” =(1-v)' <e™

O<u<l: Define g (u)=(1-uv)"
= g"(x)=m(m-1v’A-uv)"> 20= g (u) convex

A-uv)" = g, () <(1-u)g,(0)+ug, ()
= (I—-)l+u(l=v)" <l-u+ue ™ <l—u+e™
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Achievability of R(D): preliminaries

A
Ank
X Encoder | f(X.,)€Ll:2" Decoder | *iu
— - -

1,0 g,()

®* Choose D and find a p(x | x) such that /(x;x)=R(D); Ed(x,X)< D
Choose § >0 and definep, ={ p(®) =) p(x)p(x|x) }

e Decoder: For each wel:2"™ choose g,(w) =X, drawni.i.d. ~ p’,
e Encoder: f,(x)=minwsuch that (xX,)eJ}" else 1if no such w
* Expected Distortion: D =E,  d(x,%)

— over all input vectors x and all random decode functions, g

— for large n we show p=D+s5 so there must be one good
code
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Expected Distortion

We can divide the input vectors X into two categories:
a) if 3wsuchthat (xX,)eJ{" thend(x,X,)<D+¢

since Ed(X,X)<D

b) if no such w exists we must have d(X,X ) <d__
since we are assuming that d(,) is bounded. Supose
the probability of this situation is P.,.

Hence D =E, , d(X,X)
<(-P)D+¢e)+Pd
<D+¢+Pd

max

max

We need to show that the expected value of P, is small

221
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Error Probability

Define the set of valid inputs for code g
V(g)=1{x:3wwith (x,g(w)) e J\" |
We have P = Zp(g) D p(x) = ZP(X) > p(g)

XV (g) gXel (g)
Define K(x,%) =1if (x,X) e J") else 0
Prob that a random % does not match xis 1- ) p(X)K (X, %)

o) R
Prob that an entire code does not match is (l—z P(X)K (X, k)j

Hence P, = Zp(X)(l - PROK(X, k)j
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Achievability for average code

Since X,X € Jc(i’,g — p(f() > p(f( | X)z—”(I(X;)?)Hg)
2nR
Fo= ZP<X>(1 - > pROK (X x>j
2nR
< ZP(X)[l - Z P(X|X)K(X,X) 2n(1(x;)%)+3g)j

Using 1—-uv)” <1—-u+e™™
with u = Z (X X)K (X, R); v=2 mxxSne. gy ok

< Zp(x)(l =2 PRIOK () + expl- 277/ 2e)1s )j

Note : 0<u,v<1as required
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Achievability for average code

Pe < Z p(X)(l — Z p(f( | X)K(X, )"() 4 exp(— 2—n(I(X;f()+3g)2nR )j

take out terms not involving X
= (1 + eXp( prlitsdyse)ynn )) Z P(X) p(X[X)K (X, X)
i Z P SOK(XR) + exp(— 2n(R 1(X:%)- 35))
— P{(x, )A() & Jc(i'f; }—I— eXp(— 2n(R—1(X;f()—3s))

both terms — 0 as n — oo provided nR > I(x,X)+ 3¢

>0
Nn—>00

Hence V& >0, D = E, , d(x,X) can be made < D +65
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Achievabillity

Since V6 >0, D = E, , d(x,%) can be made < D+
there must be at least one g with £, d(X,X) <D +6

Hence (R,D) is achievable for any R>R(D)

X Encoder | fix,)€l:2" q Decoder
/.0) g()

thatis limE, (X,X)<D

n—>0

x>

In fact a stronger result is true:
Vo >0,DandR>R(D),3f,,g, with p(d(X,X)<D+9) > 1

n—>00



Lecture 18

e Revision Lecture
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Summary (1)

e Entropy:  H() =2 p(x)x-log,p(x)=E —log,(py(x))
xeX

— Bounds: 0< H(x)<logX|
— Conditioning reduces entropy: H(Y |x)<H(Y)
— Chain Rule: Hx,) =Y Hx, | %, )<Y H(x,)

H(Xlzn |y1n)SiH(Xz |yz)
e Relative Entropy: _

D(p|lq)=E, log(p(x)/q(x))=0
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Summary (2)

e Mutual Information:
I(y;x)=H(y)-H(y | X) HO fy

= H(xX)+H(y)-H(x,y)=Dp,, |p,p,)
— Positive and Symmetrical: 7(x;y)=1(y;x)>0
— X, yindep & H,y)=HWY)+H(X) < 1(x;))=0
— Chain Rule: J(an;y)zzn:[(x,.;y|x1:l._1)

X independent = I(X, ;). )= Zl(Xi;)/i)
i=1

pWi X V) =pW X)) = I(X,;V,)< Zl(xi;yi)
i=1
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Ssummary (3)

e Convexity: f”(x) 20 = f(x) convex = EfixX) > (EX)
— H(p) concave in p
— I(x; y) concave in p, for fixed p
— I(x; y) convex in p,, for fixed p,
e Markov: X o>y —->Zz< plz|x,y)=pz|y)=1(x;2]y)=0
= Ix; N=21x;2 and I(x; ) =>1(x V|2

e Fano: x—>y—>)?:>p()?¢x)zH(X|y)_l
log(| X |-1)
e Entropy Rate: H(X)=limn™'H(x,,)
— Stationary process H(X)<H(x,|x.,.,)
— Markov Process: HX)=lmH(x, |X,_,)

— Hidden Markov: HY, |V, - X)<HW<HWY, |V\,.1)
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Summary (4)

|X|
Kraft: Uniquely Decodable = » D™ <1 = 3 prefix code
i=1

Average Length: Uniquely Decodable = L.=E I(X) > H,(X)

Shannon-Fano: Top-down 50% splits. L. < H,(x)+1
Shannon: I =[-log, p(x)| Ly<H(x)+1

Huffman: Bottom-up design. Optimal. L, <H,(x)+1
— Designing with wrong probabilities, g = penalty of D(p||q)
— Long blocks disperse the 1-bit overhead

Arithmetic Coding: C(x")= Zp(va)
— Long blocks reduce 2-bit overhead x;'

— Efficient algorithm without calculating all possible probabilities
— Can have adaptive probabilities

<xN

230
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Summary (5)

e Typical Set
— Individual Prob  xeIL” =logp(x) = —nH(x)tne
— Total Prob p(xeT)>1-¢ for n>N,
— Sjze (1—£)2" 0= v T < oo

— No other high probability set can be much smaller
e Asymptotic Equipartition Principle
— Almost all event sequences are equally surprising
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Summary (6)

e DMC Channel Capacity: C=Irrl)axl(X;J/)
e Coding Theorem '

— Can achieve capacity: random codewords, joint typical decoding
— Cannot beat capacity: Fano

 Feedback doesn’t increase capacity but simplifies coder
e Joint Source-Channel Coding doesn’t increase capacity
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Summary (7)

e Differential Entropy: A(x)=E-logf, (x)
— Not necessarily positive
— h(xta)=h(x),  h(ax)=h(x)+loglal, (X)) <h(X)
— I ) =hX)+h(y)-h(x )20, D(flg)=E log(fig) = 0
e Bounds:
— Finite range: Uniform distribution has max: i(x) = log(b—a)
— Fixed Covariance: Gaussian has max: A(x) = Ylog((2ze)"K|)

e Gaussian Channel
— Discrete Time: C=%log(1+PN™)
— Bandlimited: C=W log(1+PN, W)
e For constant C: E,N,' =PC'N,"' =(w / C)(2<W/C>“ —1)W—> In2=-1.6dB
— Feedback: Adds at most ¥z bit for coloured noise -
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Summary (8)

e Parallel Gaussian Channels: Total power constraint > B =P
— White noise: Waterfilling: £, =maX(Po —N,-,O)
— Correlated noise: Waterfill on noise eigenvectors

e Rate Distortion: R(D)=  min  I(x;X)

P xSt Ed(X,X)<D

— Bernoulli Source with Hamming d: R(D) = max(H(p,)-H(D),0)
— Gaussian Source with mean square d: R(D) = max(%log(c? D1),0)

— Can encode at rate R: random decoder, joint typical encoder

— Can't encode below rate R: independence bound

e Lloyd Algorithm: iterative optimal vector quantization



