Imperial College
London

Lecture 4

Frequency Domain Analysis and
Fourier Transform

Peter Y K Cheung

Dyson School of Design Engineering
Imperial College London

URL: www.ee.ic.ac.uk/pcheung/teaching/DE2_EE/
E-mail: p.cheung@imperial.ac.uk

PYKC 17 Jan 2025 DESE50002 - Electronics 2 Lecture 4 Slide 1



Relationship between exponentials and sinusoids

¢ Euler’s formula: jot jot
jot — T e + e
e cos(wt) + jsin(wt) cos(wt) = .
e 10t = cos(—wt) + jsin(—wt . /@t — eIt
(@) - et =eme) sin(wt) = T
= cos(wt) — jsin(wt) J

¢ Therefore, in signal analysis, we usual regard “frequency” to be o in the
exponential vector e/®t,

+ The frequency spectrum is therefore a plot of the amplitude (and phase)
projected onto exponential components ¢’ for different w.
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e/®t yviewed as a VECTOR

« /9t js the building block, each at different frequency w.

« Can be viewed as a VECTOR as show below.

« The magnitude of the vector |el*t|is 1.

« This vector is rotating in a complex plane at a rate of o rads/sec in the
direction shown.

« cos(mt) and sin(wt) are just the projection of the this vector on the REAL (x-
axis) and IMAGINERY (y-axis) axes in this diagram.
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Fourier Series in three forms

x(t) =ag + Xn-q(a, cosnwyt + b, sinnw,t )

To To

: 2
? a, = — | x(t)cosnwotdt b, =—] x(t)sinnwytdt
0 0

b
0, =tan™ ! (—n)
an
To/z
x(t) = Y%, D, el M@ot+6n) Dy =7 j x(t)e /Mot dt
_To/z
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Definition of Fourier Transform

¢ The forward and inverse Fourier Transform are defined for aperiodic

signal as: = .
x(1) Xlo)=Flx@)] = / x(t)e ''dt  {u—

o0
. % .
x(t) =F ' [X(w)] = 2—/ X(w)e!”dw
T J-
0
¢ Fourier series is used for periodic signals.
xT“(t) .
%(t) = I=5 D el P8+
1 To/2
0 D, = — f x(t)e Inwoldt
To
_To/z
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Define three useful functions

¢ A unit rectangular window function rect(x):

fO xl = % 1 rect (x) , recl(%)
rect (x) = ¢ -% X =%
| 1 x| < % 10 L- — : -
2 : ! e 3
¢ The unit impulse function §(t) (Dirac impulse):
Unit Impulse
9(t) =10 t=£ 0 xé(t)
o
/ o()dt =1
- : —

+ Interpolation function sinc(x):

, sin x , SIn 7T X
SINC(X) = —— or sinc (x) =
X TX
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More about sinc(x) function

¢ sinc(x) is an even function of x.

¢ sinc(x) =0 when sin(x) =0
except when x=0, i.e. X = %,
+27, £37.....

¢ sinc(0) = 1 (derived with

L’Hopital’s rule)

¢ sinc(x) is the product of an
oscillating signal sin(x) and a
monotonically decreasing
function 1/x. Therefore itis a
damping oscillation with period
of 2n with amplitude decreasing

- il

as 1/x. =
T S
3 3
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Fourier Transform of  x(t) = rect(t/7)

x(1)

+ Evaluation: 00 ¢ |
X(w) = / rect (—) e /' dt

00 14

[ —»

0

& ]
¢ Since rect(t/t) = 1 for -t/2 < t < 1/2 and 0 otherwise ‘ -

wT wT

r/2 | | 2 sin (7> sin (—2—> it
~1/2 Jw @ (w_T) 2
2

t\ FT /ot
rect(;) 7T smc(—2—> Bandwidth = ZR/T

L e 4
] x(1) FT X(w) \7
<
R P i . TN o
T |0 T t— =~ 4n2mr |0 2aNTdr
e > = "7t T e~
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Fourier Transform of unit impulse x(t) =93(t)

¢ Using the sampling property of the impulse, we get:

(0. @)

FI6(D)] =/ S(t)e ’®dt =1

-0

¢ [IMPORTANT — Unit impulse contains COMPONENT AT EVERY

FREQUENCY.
é(t) =1

‘ x(f) = 8(f) X(w) = 1
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Inverse Fourier Transform of d(w)

¢ Using the sampling property of the impulse, we get:

00

F6(w)] = % / §(w)e’"dw = =

T 27T
¢ Spectrum of a constant (i.e. d.c.) signal x(t) = 1 is an impulse 2nd(w).

1
- — (o) or | <= 271é(w)

x(r) =1 X(w) = 2mé(w)
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Inverse Fourier Transform of (o - ®,)

¢ Using the sampling property of the impulse, we get:

o0

| : L
F 8w — wg)] = — / S(w—wp)e’” dw = —e!
2 o 2

¢ Spectrum of an everlasting exponential el®ot is a single impulse at o=w.

%ej‘””' > §(w — wy)
or

e/ = 27 8(w — wyp)
and

e/ = 21 8(w + wy)
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Fourier Transform of everlasting sinusoid cos ot

¢ Remember Euler's formula:  cos wyr = 1 (e/" 4 e /0"

¢ Use results from previous slide, we get:

cos wot <= m[d(w + wy) + é(w — wy)]

¢ Spectrum of cosine signal has two impulses at positive and negative
frequencies.

x(1) X(w) T T

O 0)0 =
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Fourier Transform of any periodic signal

¢ Fourier series of a periodic signal x(t) with period T, is given by:

o0
@) = Z D g% @y

n=—0oo

. 2T
Ty

¢ Take Fourier transform of both sides, we get:

X(w) =2n Z D, é(w — nwy)

n=-—0Q

¢ This is rather obvious!
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Fourier Transform of a unit impulse train

¢ Consider an impulse train 5, (1) = i&, _nT)

¢ The Fourier series of this impulse train can be shown to be:

= - 2 1
o, (1) = ZDne’"“’OI where @, = 2 and D =—
¢ Therefore using results from the last slide (slide 13), we get:
I 2
X = — S(w — e
(w) T ;)O (w —nwy) @ T
— a)()(swo (a))
67“’(1) @B, (1)
| FT o
R RN
—2T, -T 0 Ty 2T, e 2wy —wy |0 @y 2wy, >
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Fourier Transform Table (1)

No. x(f)m o
1 e “u(r)
2 e“ u(—t)
3 e~all
4 te “u(t)
5 el

5(1)
1

el @ot

X(w)
: 0
a>
a—+ jo
1
. a>0
a— jw
2a
oy a>>0
: 0
a>
(a+ jw)?
n!
0
(a + jw)lH'] a.>
1
26 (w)

218 (w — wyp)
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Fourier Transform Table (2)

X(w)

No. x (1)
9 cos wyt
10 sin wot
11 u(t)
12 sgnt
13 cos wot u(t)
14 sin wot u(t)
15 e “''sin wot u(t)
16 e " cos wyt u(t)

7 [6(w — wp) + §(w + wy)]
Jr[é(w + wy) — 6(w — wy)]

1
nd(w) + —
jo
2
jw
b 4 10
85~ i) B )] A s
2 wy — w*
T )
53180 — a0) — 8@ + w)] + ———
] 0)0 - (-
wq
(a+ jw)? + ;]
a+ jo

(a+ jw)? + wf
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Fourier Transform Table (3)

No. x(t) X(w)
16 e ' cos wyt u(t) - + 17w 3 a=>0
(a + jw)* + w;
t
17 rect (—) T Sinc (w—t)
T '/
W
8 2 sinc (Wt) rect (i>
(4 2W
t T wT
o a(y) 250 ()
- 5 sinc 2
W > [ Wt D)
20 e Pl A _)
2w < 2 ) (2w
21 ié(r—nT) w 200:8(w—na)) —2—7[
0 0 oy = T
n=-—0o n=—oo
22 6—’2/202 Gme—a%ﬁ-/z
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Three Big Ideas

Euler formula provides an alternative way to represent sine and cosine
functions in terms of e/®t and e~/®t,
pjot + e~ Jjot eJot _ o—jot
sin(wt) = :
2 2]

cos(wt) =

Extracting a portion of a signal x(t) for -t/2 <t < t /2 can be modelled by
multiplying x(t) by the rectangular function rect(x/ 7).

The Fourier Transform of an infinite train of unit impulses is again an infinite
train of unit impulses.

rm(t) - o ()
1
—2I, -1 0 Ty 2T, | 2w, —w, 0 wy 2wy w—>
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