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Points Addressed in this Lecture

* Representing signed numbers

e Two’s complement

» Sign Extension

» Addition of signed numbers

» Multiplication by -1

* Multiplication and division by integer powers of 2
* Adder & subtractor circuits

* Comparators

» Decoders

* Encoders
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Binary Representations (Review)

* We have already seen how to represent numbers in
binary

* Review
(179),,is (10110011), is (B3),4 is (263),
— HEX: 1011 0011

L J L J
B 3

— OCTAL 10 110 011

L ) J 1 ]
2 6 3
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* BCD (Binary Coded Decimal)

— Each digit of a decimal number is coded using
Binary
— The 4 bit binary words are joined to make the full
decimal number
- E.g.
» 987 in decimal
+ 9:1001
+ 8:1000
« 7:0111

— S0 987 in decimal becomes 1001 1000 0111 in
BCD
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Summary
Decimal Binary HEX BCD Octal
0 00000 0 (0000 0000 0
1 00001 1 (0000 0001 1
2 00010 2 (0000 0010 2
3 00011 3 0000 0011 3
4 00100 4 0000 0100 4
5 00101 5 (0000 0101 5
6 00110 6 0000 0110 6
7 00111 7 0000 0111 7
8 (01000 8 (0000 1000 10
9 01001 9 0000 1001 11
10 01010 A (0001 0000 12
11 01011 B 0001 0001 13
12 01100 C 0001 0010 14
13 01101 D 0001 0011 15
14 01110 E 0001 0100 16
15 01111 F 0001 0101 17
16 10000 10 0001 0110 20
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Signed numbers Basics

» So far, numbers are assumed to be unsigned (i.e. positive)
* How to represent signed numbers?

e Solution 1: Sign-magnitude - Use one bit to represent the sign,

the remain bits to represent magnitude
7 6 0

+27 =0001 1011,

0=+ve -27 = 1001 1011,

1= e S magnitude

— Problem: need to handle sign and magnitude separately.

* Solution 2: One’s complement - If the number is negative,

invert each bits in the magnitude
+27 = 0001 1011,
-27 = 1110 0100,

— Not convenient for arithmetic - add 27 to -27 results in 1111 1111,
— Two zero values
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Two’s complement

» Solution 3: Two’s complement - represent negative numbers
by taking its magnitude, invert all bits and add one:

Positive number +27 =0001 1011,

Invert all bits 1110 0100,
Add 1 -27 =11100101,

27 26 20

Unsigned number

27 6 20

Signed 2’s complement S

XZ—bN_lzN_l+bN_22N_2 +000+b_|_21+kb20
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Examples of 2's Complement

« A common method to represent -ve numbers:

— use half the possibilities for positive numbers and half for
negative numbers

— to achieve this, let the MSB have a negative weighting

» Construction of 2's Complement Numbers
 4-bit example

Decimal 2's Complement (Signed Binary)
-8 +4 +2 +1
5 0 1 0 1
-5 1 0 1 1
7 0 1 1 1
-3 1 1 0 1
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Why 2’s complement representation?

< If we represent signed numbers in 2's complement form,
subtraction is the same as addition to negative (2's
complemented) number.
27 0001 1011,
- 17 0001 0001,

+10 0000 1010,
+27 0001 1011,
+ -17 11101111,
+10 0000 1010,
* Note that the range for 8-bit unsigned and signed numbers are
different.
— 8-bit unsigned: 0...... +255
— 8-bit 2’s complement signed number: -128 ...... +127
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Comparison Table

Unsigned | Binary [ 2’ comp
7 0111 7
6 0110 6
5 0101 5
4 0100 4
3 0011 3
2 0010 2
1 0001 1
0 0000 0
+ Note the "wrap-around" effect }i }Eé é
of the binary representation 13 1101 3
— i.e. The top of the table wraps 12 1100 4
around to the bottom of the 11 1011 -5
table 10 1010 -6
9 1001 -7
8 1000 -8
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Sign Extension

» How to translate an 8-bit 2’s complement number to a
16-bit 2’s complement number?

27 26 20
S
-21 uplicate sign bit—— 25 20
S | e S

» This operation is known as sign extension.
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Sign Extension

* Sometimes we need to extend a number into more bits

* Decimal
— converting 12 into a 4 digit number gives 0012
— we add 0's to the left-hand side
* Unsigned binary
— converting 0011 into an 8 bit number gives 00000011
— we add 0's to the left-hand side
» For signed numbers we duplicate the sign bit (MSB)
» Signed binary
— converting 0011 into 8 bits gives 00000011 (duplicate the 0

MSB)
— converting 1011 into 8 bits gives 11111011 (duplicate the 1
MSB)
— Called "Sign Extension"
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Signed Addition

* The same hardware can be used for 2's complement
signed numbers as for unsigned numbers
— this is the main advantage of 2's complement form

* Consider 4 bit numbers:

— the Adder circuitry will "think" the negative numbers are 16
greater than they are in fact

— but if we take only the 4 LSBs of the result (i.e. ignore the carry
out of the MSB) then the answer will be correct providing it is
with the range: -8 to +7.

* To add 2 n-bit signed numbers without possibility of
overflow we need to:

— sign extend to n+1 bits

— use an n+1 bit adder
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Multiplication of Signed Numbers by -1

* Inverting all the bits of a 2's complement number X
gives: -X-1 since adding it back onto X gives -1

* Eg 0101 5 X
1010 6 X1
1111 1 1

» Hence to multiply a signed number by -1:
— first invert all the bits
— thenadd 1

» Exception:
— doesn't work for the maximum negative number
— e.g. doesn't work for -128 in a 8-bit system
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Multiplication and Division by 2N

* In decimal, multiplying by 10 can be achieved by
— shifting the number left by one digit adding a zero at the LS digit
* In binary, this operation multiplies by 2

N
* In general, left shifting by N bits multiplies by 2
— zeros are always brought in from the right-hand end

- E.g.
Binary | Decimal
1101 13
11010 26
110100 52
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N
» Right shifting by N bits divides by 2
— the bit which "falls off the end" is the remainder
sign extension must be maintained for 2's complement numbers

Decimal:

(486),, divided by 10 gives 48 remainder 6
— Unsigned:
(110101), divided by 2 gives 11010 remainder 1
(53)4 (26)4

(110101), divided by 4 gives 1101 remainder 01
(53)s0 (13)50
Signed 2's Complement:
(110101), divided by 2 gives 111010 remainder 1

('11)10 ('6)10
(110101)2 divided by 4 gives 111101 remainder 01
('11)10 ('3)10
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Summary of Signed and Unsigned Numbers

Unsigned

Signed

MSB has a positive value (e.g. +8 for
a 4-bit system)

MSB has a negative value (e.g. -8 for
a 4-bit system)

The carry-out from the MSB of an
adder can be used as an extra bit of
the answer to avoid overflow

To avoid overflow in an adder, need

to sign extend and use an adder with
one more bit than the numbers to be

added

To increase the number of bits, add
zeros to the left-hand side

To increase the number of bits, sign
extend by duplicating the MSB

Complementing and adding 1
converts X to 2N - X)

Complementing and adding 1
converts X to -X
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Binary Addition

» Recall the binary addition process

A 1 0 0
+B 0 0 1
S 1 1 0 0

e LS Column has 2 inputs 2 outputs

— Inputs: A B
— Outputs: So G
» Other Columns have 3 inputs, 2 outputs
— Inputs: Ay B, G,
— Outputs: Sh Chnt

We use a "half adder" to implement the LS column
We use a "full adder" to implement the other columns
Each column feeds the next-most-significant column.
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Half Adder

« Truth Table A

_= =0 O

* Boolean Equations

e Implementation —&

w |

>|
|
;ao

orRr R OoO|Wn
— o oo |N

— Note also XOR implementation possible for S
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Full Adder
A B G S Co
Truth Table 0 0 0 0 0
0 0 1 1 0
0 1 0 1 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1

- Boolean Equations  s_ABc, + ABT, + ABC, + ABC,

- A®B®C;

C, = ABC; + ABC; + ABC; + ABC;
= AB + AC; + BC;
=AB+C;(A+B)
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Complete circuitry for a FA

Imperial College
London

* Implementation (using NAND gates only)

r ___________________________ I
I _
Ae— ! A A |
| : g5 & &
S = .
: ) | i
| 7 : '; 1 & A — & ] & Cout
I | |
| -_—
Cn® : >— : (ST — . s Ci | ]
I ' N
| ' T F B — ¢
| | g |
i [ ! Ci—| Ci |
I | B —
| | Ci —
| I
=
! I
| I
| I
S FA |
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Full Adder from Half Adders Full Adder from Half Adders
s c i o Half-adde Half-adder
» Truth Table A D B 5 ¢ b
0 0 0 0 0 0 0 Y o 3 X
o 0o 0 0 1|1 0 PORh B A L L - (A®B)® C,
0 1 1 0 0 1 0
0 1 1 0 1 0 1
1 0 1 0 o |1 o0 PR PR £ 8- 'C
1 0 1 0 1 0 1
1 1 0o 1 o | o0 1 :
1 1 0o 1 1|1 1 Input - (A® B)Cy,
carry, G,
AB Output carry, Cyy,
AB+ (A @ B)C;,
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Parallel Adder

» Uses 1 full adder per bit of the numbers

* The carry is propagated from one stage to the next most
significant stage

— takes some time to work because of the carry propagation delay
which is n times the propagation delay of one stage.

A; B A; B

o oL
A B @ A B G
1’1:.’1 1
+ B, B,
Cnu[ Z lel Z ETEJE]
(MSB) %, 3 X, (LSB)
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4-bit Parallel Binary Adders

-]
|
-]
|||
L. J'\.“IJ_.J
=
™
e,
s WP =

.|:|-.|:_______ G ) u;_:l.._.:
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Parallel Subtraction using Parallel Adder

» Subtraction can be achieve by adding the complement
- EQg.:6-3=6+(-3)=3

* 2's complement :- invert all bits and then add 1
— Use Carry-in of first stage for the "add 1"
— Invert all the inputs bits of B

Bn An B2 A2 B1 Al e

Aero 2 Signals & Systems (Part 2) 6.27 March 2007

Imperial College

London
Comparators
» 1-Bit Comparator A B[X
14 0 1|0
1 0|0
1 1|1
The output is 1 when the inputs are equal
e 2-Bit Comparator
Ay
By
A=B
A
B
The output is 1 when A;=B,AND A, =B,
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e 4-Bit Comparator

Comparators
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Decoders

« Binary decoder
The output is 1 only when:

Ay=1
One of three outputs will be HIGH: A,=0
+ Agreater than B (A > B) A;=0 . (LSB)
* A equalto B (A=B) CoMP A =1 0,
—0 4 A
+ Alessthan B (A < B) Ao A, ‘
A —— I
A g
A, —— A>B f— }X =A34,A,4,
A, —3 Ay —M
A=B — A,
By 0 ’ (MSB)
B, — A<B ——
B
By — .. Lo
This is only one of an infinite
B, 3 number of examples
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Decoders Decoders
* 4-bit decoder e
L] -
BINARY INPUTS | DECODING OUTPUTS 4-bit decoder op—0
A A VAL Ay L FUNCTION: [ f00 1 2300 5 U6 T 589 0L 11203 e s 1 p—
R0 00 AT (LR I B T T e (e T e ] ] . . 2p—
R e R B R R T TR L e — Binary inputs _ 1b
O S [ AGA G T o R R e Ty RIS e ] ﬁ‘“ﬂg b
PP T Al o TR W T O TR A TS e e T i (i — Active-low outputs B s5h——
07 1503 0% [ ARSI B1GTa St sl s (Al Telcaes Tt T T (R T | Ay — 1 6b—
(s i T R T B P YA BRR PO I L el g nl ] A — 1, 7k S
S D e e SRS PR BT R B LR T £ )T A, A g Dutputs
Qe pas AsAzATAG R | e ol e B ST T A, ) 5
e e | TR | e R s A R T ] R T el T : a—
15 uiecsi0 s A ATAT BT o1 S S T 1 A T D P L TR S0 6 SR ] 0p—-
e ST s sty e e Tt o el U T 1D np—-
TR SaR CE o WS R e e TSR L B s Ol e e D agram 12 p—o
T sl RO R G0 i i by e B L) LT e e R b S R A L R0 TR Truth 13p——
gt S lne v ADLATAR ST FTETAS M Tk el ST S e i TN e (R ST e E Table 14 b——
e b e TSR I PR L L TR T [ L 1 Ak T S 15 b—oo
IS AR RIS T 1 1 T R L T e ST T e P ()
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Decoders

 BCD-to-decimal decoder

DECIMAL

BCD CODE | DECODING

Imperial College
London

BCD-to-7 Segment Display Decoder

e LCD or LED displays can a
display digits made of up to 7

DIGIT Ay Ay A A | FUNCTION BCD/DEC . f b
S op- segments or lines g
0 Do 0 ol aama, b ) ) T
I 0 00 a1 | AKAM Binary Inputs 2p » Decode 4 bits BCD into 7 e/ / .
i - ) 3 b . .
2 0 0 1 0| AAAd N N o Decimal control signals using a
3 0 0 1 A b : Outputs
Ll Aty N sb BCD/7SEG decoder d
4 0. oS0 0| Ay t—1g ob
5 0Ll AsdA Ay b
6 0 0 A A, 3P
7 W] AsAsA LA, eI
8 oo 00 0 AAA Ay
9 100 ALAA,
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Decoders Decoders
« BCD-to-7-segement decoder « BCD-to-7-segement decoder
DECIMAL INPUTS SEGMENT OQUTPUTS
DIGIT D C B A a b c d e f £ )
0 0 L0 0 1 1 1 1 1 1500 Birtary BCD/7-seg
I W R e e R AR ) I"f“ts alo—o
2 0 0 1 0 1 1 0 1 1 0 I 0 1 ',
3 0 El e i e g gt Ay ], 2 &
4 085 (D ) 0 1 1 g 1 As ¢ o——
5 0 1 0 1 1 0 1 1 0 1 1 1.‘ 4 db 7-8egment
6 OVl ) 1 0 1 1 I 1 M ———1 g Outputs
7 5 ) L) LA e e T e e “ =
8 T s D 1 1 1 1 1 1 1 fp—
9 1Ea el T 1 1 1 | 1 Py S S—
10 1 0 1 ] X X X X X X X
1 1 0 I 1 > G E LT R R el E b e Logic Truth
12 1 1 0:: %0 X Rl e e s e Diagram Table
13 1 1 (i} 1 X X X X X X X
14 1 1 [ et i hs G S Gt dRiE (I b s
15 1 1 1 1 Xt X R e e Y
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Encoders

* Decimal-to-BCD encoder

. BCD CODE DEC/BCD
DECIMAL DIGIT A, Ay (—0
0 0L RIOR0E ,
1 ]
1 0 0 0 1 | : I
s e
2 0 0 1 0
Decimal | —— 4 2 [p— | BLCD
3 0 0 1 1 input ‘)‘ 5 4 —- { output
4 (1] 1 0 (1] | 6 " J
3 ] 1 0 i 1
6 0 1 1 0 —13
7 0 I 1 1 — 19
8 1 0 0 (1]
9 1 0 0 I
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