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Connection between Fourier Transform and Laplace
Transform

x(t)e '“'dt

o0

¢ Compare Fourier Transform: o0
X(w) =

+ With Laplace Transform: X(s)=/ x(t)e " dt

o0

# Setting s = jw in this equation yield:

X(jo) = / x(t)e™ " dt where X (jo) = X (5);=;.

e V]

o Is ittrue that: X(jw) = X(w) ?
+ Yes only if x(t) is absolutely integrable, i.e. has finite energy:

/m |x(t)|dt < o0

o0
L7.2-1 p697
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Definition of Fourier Transform

¢ The forward and inverse Fourier Transform are defined for aperiodic

signal as: o0 ;
x(1) X(w) = Flx(1)] =/ x(t)e™''dt

o0

0 | O ;
x(t) =F ' [X(w)] =—f X(w)e'dw

2 J s

lo
¢ Already covered in Year 1 Communication course (Lecture 5).

¢ Fourier series is used for periodic signal” o0
2 xq, (1) = Z D, e
n=-—o0
1 To/2

D, xg, (t)e " dt

To J-1p2

T, T 0 T T, 2

=7

[S)
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Define three useful functions

¢ A unit rectangular window (also called a unit gate) function rect(x):

0 ll>! | e 1| et ()
rect(x) = ¢ & x| =1
- ; X —>
1 x| <3 1 0 1 o ° T
2 2 2 2
+ A unit triangle function A(x):
0 x| = 3 IAAG) L AG)
A(x) = -
1 —2|x| x| < 3
-1 0 1l x> T 0 2
2 2 2 2
+ Interpolation function sinc(x):
Sin x . sinTx
2 or sinc (x) =

sinc (x) = —
X

nx L7.2-1 p687
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More about sinc(x) function

+ sinc(x) is an even function of x.

e sinc(x) = 0 when sin(x) =0
except when x=0, i.e. x = =*m, sinc 0

+ sinc(0) = 1 (derived with
L'Hbpital’s rule)

+ sinc(x) is the product of an 4
oscillating signal sin(x) and a 1
monotonically decreasing s
function 1/x. Therefore it is a

1 w
damping oscillation with period sine (%)
of 2r with amplitude decreasing
as 1/x.
- P TN -
—— _unnSm [0 i Am e
3 3 3 3

L7.2 p688
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Fourier Transform of unit impulse x(t) = §(t)

¢ Using the sampling property of the impulse, we get:

FI8()] = / S dr = 1

¢ IMPORTANT — Unit impulse contains COMPONENT AT EVERY FREQUENCY.

() =1

x(1) = 8(1) X(w) =1

lo t—

L7.2 p691
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Fourier Transform of  x(t) = rect(t/t)

¢ Evaluation: ) 1 (1)

o2 t
X(w) = / rect (~ ) e 'dt
0 T

¢ Since rect(t/t) = 1 for -1/2 <t < /2 and 0 otherwise

2si T . wT
" 1 - sin 3 sin 5 ‘ (wt )
- = TsSInC| —

r oo n
X((I)) - e«jwld' - _.4(8'~/lrnr.2 - e; / ) — =7
-1/2 Jjw @ (‘)71 2
2
t - wT .
TCL) =) S VIG5 Bandwidth =~ 2n/t
! x(1)
<
Iz |0 z 1= i Eus g
2 2 T T T T w >
L7.2 p689
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Inverse Fourier Transform of 6(w)

¢ Using the sampling property of the impulse, we get:

1 00 . |
F (@) = 2—/ S(w)e’dw = —
. ) 21

+ Spectrum of a constant (i.e. d.c.) signal x(t)=1 is an impulse 25td(w).

1
— = () or | &= 2né(w)
2
x(r) =1 X(w) = 2md(w)
1
0 > 0 w >
L7.2 p691
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Inverse Fourier Transform of &(w - w,) Fourier Transform of everlasting sinusoid cos w,t

+ Using the sampling property of the impulse, we get: ¢ Remember Euler formula: cos wot = 1(e/" 4 e~ Jent)

- 1 * ot 1 ant
F 8w — )] = S /\ 8w — )’ dw = '2;6””‘ + Use results from slide 9, we get:

_ cos wyt <= m[§(w + wy) + §(w — wy)]
# Spectrum of an everlasting exponential el@ot is a single impulse at w=w,.
¢ Spectrum of cosine signal has two impulses at positive and negative
frequencies.

1 .
Z—f-e’“"” = §(w — )

or

/™ = 278(w — wy)

w, @
and
el = 21 8(w + wyp)
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Fourier Transform of any periodic signal Fourier Transform of a unit impulse train
Fourier series of a periodic signal x(t) with period T, is given by: Consider an impulse train -
* p xg ® p ) 0lSg y * p 6T0(t)=26(t—nT0)
4 —o%
x(1) = D, Jnexnt —_— X . . .
x(0) ";x g @0 To + The Fourier series of this impulse train can be shown to be:
i ; 2 1
6, ()= > De"" where o= “Z and D, ==
& Take Fourier transform of both sides, we get: ’ 1 T, T,
o5 ¢ Therefore using results from the last slide (slide 11), we get:
X(w) =2m Z D, 8(w — nwy) 2 & 27
X = — —_— = —
= (w) T ":ZXS((U nwy) fon T
¢ This is rather obvious! = Wby (@)
8y.(1) = @00
0 web,, (1)
-2T, -T, [0 T 2T, r— 2y —wy |0 wg 2wy @—>
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Fourier Transform Table (1)

No x(t) X(w)
} 1
1 e "u(t) - a>0
a+ jo
1
2 e"u(—-1r) - a>0
a-— jo
3 e~n|l| _’ia__: a>0
a* + w*
1
4 te “u(r) e a>0
(a+ jw)
n!
5 t"e"”u(t) —_— a>0
(a+ jw)"t!
() 1
1 2n8(w)
elwot 278(w — wp)
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Fourier Transform Table (3)
No x(1) X(w)
16 e " cos wyt u(t) % a>0
(@+ jo) + o}
t
17 rect (—) 7 sinc (ﬂ)
T 2
W 2]
18 2 sinc (W t (—)
= sinc (Wt) rec W
t s 0
o el ()
W . (Wt ®
20 gsmc ( > ) A (2W)
21 i 8(t —nT) wy i 8(w — nay) wy = E'I
T
n==—00 n=—0c
22 e~1120? o2me-" 012
”
PYKC 8-Feb-11
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Fourier Transform Table (2)

x(1)

cos wyt
sin wyt

u(t)

sgnt

cos wyl u(r)

sin wot u(t)

e “sin wyt u(t)

-at

e “"cos wyt u(t)

X(w)

T[8(w — ay) + 8(@ + wy))
Jr[(w + wy) — 8(w — wy)]
wd(w) + L
w
) J

Jjw
%Ww —wy) +8(w + wy)] +

180 — o) = (0 + o)) +
2j
Wy
(a+ jw)? + o
a+ jw
(a+ jo) +

2

]

3

w, — w~

-

j@

Y

a=>0

a=>0

L7.3 p702

PYKC 8-Feb-11

E2.5 Signals & Linear Systems

Lecture 10 Slide 14



